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B.Sc. COMPUTER SCIENCE, BCA  

Allied Mathematics 

ALLIED COURSE I (AC) - ALGEBRA AND CALCULUS  

UNIT I  

Theory of Equations: Relation between roots & coefficients ï Transformations of  

Equations ï Diminishing , Increasing & multiplying the roots by a constant- Forming  

equations with the given roots ï Rolleôs Theorem, Descarteôs rule of Signs(statement  

only) ïsimple problems.  

  

UNIT II  

Matrices : Singular matrices ï Inverse of a non-singular matrix using adjoint method -  

Rank of a Matrix ïConsistency - Characteristic equation , Eigen values, Eigen vectors ï  

Cayley Hamiltonôs Theorem (proof not needed) ïSimple applications only  

  

UNIT III  

Differentiation: Maxima & Minima ï Concavity , Convexity ï Points of inflexion -  

Partial differentiation ï Eulerôs Theorem - Total differential coefficients (proof not  

needed ) ïSimple problems only.  

  

UNIT IV  

Integration : Evaluation of integrals of types  ,  , 
xba

dx

sin
, 

xba

dx

cos
 Evaluation using Integration by parts ï Properties of definite integrals ï Fourier 

Series in the range ( 0 , 2 ˊ ) ï Odd & Even Functions ï Fourier Half range Sine & Cosine Series  

  

UNIT V  

Differential Equations: Variables Separables ï Linear equations ï Second order of types  

( a D
2
 + b D + c ) y = F ( x ) where a,b,c are constants and F ( x ) is one of the following  

types (i) e
K x

 (ii) sin (kx) or cos (kx) (iii) x  n , n being an integer (iv) e
K x

 F (x). 
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Unit ï I  

Theory of Equations 

Let us consider 

        

This a polynomial in óxô of degree ónô provided a0  0. 

The equation is obtained by putting f(x) = 0 is called an algebraic equation of degree n. 

RELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUATIONS  

Let the given equation be  

Let , ,éé ,  be its roots. 

 = sum of the roots taken one at a time =   

 = sum of the product of the roots taken two at a time =  

 = sum of the product of the roots taken three at a time =  

finally we get  éé  =   . 

Problem: 

If Ŭ and ɓ are the roots of  , find Ŭ + ɓ, Ŭɓ. 

Solution: 

Here   

 = Ŭ + ɓ =  =  

Ŭɓ =  =  . 

Problem: 

Solve the equation , one root being 1 + 3i. 

Solution: 

Given equation is cubic. Hence we have 3 roots.  One root is (1+3i) =  Ŭ (say) complex roots 

occur in pairs. 

 ɓ = 1 ï 3i is another root. 

To find third root  (say) 
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  Sum of the roots taken one at a time 

  Ŭ + ɓ +  =  = 0. 

i.e.,  1 + 3i + 1 ï 3i +  = 0 

        = ï 2 

 The roots of the given equation are 1 + 3i, 1 ï 3i, -2. 

Problem: 

Solve the equation  having given that 3 +  is a root. 

Solution: 

Given equation is cubic. Hence we have three roots.   

One root is 3 + i  = Ŭ 

Since complex roots occur in pairs, 3i  = ɓ is another root. 

Sum of the roots is Ŭ + ɓ +  =  

i.e.,  3 + i  + 3 i  +  =  

      6 +  =  

            =   

            =  

Hence the roots of the given equation are 3 + i , 3 i  ,    . 

Problem: 

Solve the equation  which has a root 2 +  . 

Solution: 

Given .  ----- (1) 

This equation is biquadratic, i.e., fourth degree equation. 

 It has 4 roots.  Given 2 +  is a root which is clearly irrational.  Since irrational roots occur in 

pairs, 2  is also a root of the given equation. 
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 [x  (2 + )] [x  (2  )] is a factor of (1) 

i.e., is a factor. 

 Dividing (1) by , we get  

                               

                  

        

   (-)      

            

   (-)         

             

           0 

Hence the quotient is   = 0.  Solving this quadratic equation, we get  . 

Hence the roots of the given equation are 2 +  , 2  ,  , . 

Problem: 

Form the equation, with rational coefficients one root of whose roots is  . 

Solution: 

One root is  

i.e.,  x =  

i.e.,  x  =   

Squaring on both sides we get 

                  = 3 

   

    

Again squaring, we get 
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  , which is the required equation. 

Problem: 

Form the equation with rational coefficients having 1 +  and 1 +  as two of its roots. 

Solution: 

Given x = 1 +  and x = 1 +  

i.e., [x  (1 + )] [x  (1 + )] are the factors of the required equation. 

 Since complex and irrational roots occur in pairs, we have x = 1   , x = 1   are 

also the roots of the required equation. 

i.e., x  (1   ) and x  (1  ) are also factors of the required equation. 

Hence the required equation is, 

[x  (1 + )] [x  (1 + )] [x  (1  )] [x  (1  )] = 0  

i.e.,  = 0 

 ( (  

Simplifying we get 

   which is the required equation. 

Problem: 

Solve the equation whose roots are in A.P. 

Solution: 

Let the roots be Ŭ ï d, Ŭ, Ŭ + d. 

Sum of the roots taken one at a time is, 

Ŭ ï d + Ŭ + Ŭ + d =  

           3Ŭ =   
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            Ŭ =   

  is a root of the given equation.  By division we have, 

 

           32 -48 22 -3 

                          0  16      -16   3  

  32 -32  6  0 

 

The reduced equation is   

Solving this quadratic equation we get the remaining two roots   ,  . 

Hence the roots of the given equation are  ,  ,   . 

Problem: 

Find the value of  k for which the roots of the equation  are in A.P. 

Solution: 

Given    --------- (1) 

Let the roots be Ŭ ï d, Ŭ, Ŭ + d. 

Sum of the roots taken one at a time is, 

Ŭ ï d + Ŭ + Ŭ + d =  

           3Ŭ =   

i.e.,                 Ŭ = -1 

i.e., Ŭ = -1 is a root of (1). 

 put x = - 1 in (1), we get k = 1. 

Problem: 

Solve the equation  whose roots are in G.P.   
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Solution: 

Given    --------- (1) 

Let the roots be   , Ŭ, Ŭr 

Product of the roots taken three at a time is    . Ŭ . Ŭr =  

i.e.,     =  

i.e.,    Ŭ =  . 

i.e., Ŭ =  is a root of the given equation (1) 

i.e., x =  is a root of the given equation (1) 

i.e., (x -  is a factor of (1). 

      

                    

      

      (-)          

             

     (-)     

        

             0 

Hence the quotient is  

i.e.,  

Solving this quadratic equation we get x =   

Hence the roots of the given equation are  . 
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Problem: 

Find the condition that the roots of the equation  may be in G.P. 

Solution: 

Given      --------- (1) 

Let the roots be   , Ŭ, Ŭr 

Product of the roots taken three at a time   . Ŭ . Ŭr = r 

i.e.,      = r   -------- (2) 

But Ŭ is a root of the equation (1).  Put x = Ŭ in (1), we get, 

         -------- (3) 

Substituting (2) in (3) we get 

    

                 

      

       = 0 

i.e.,      

i.e.,      

      

    r =  

Hence the required condition is p
3
r = q

3
. 

 

Transformation of Equations: 

Problem: 

If the roots of  are -1, 4, 9, find the equation whose roots are  

1, -4, -9. 
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Solution: 

Given    -------- (1) 

The roots are -1, 4, 9. 

Now we find an equation whose roots are 1, -4, -9 ie., to find an equation whose roots are the 

roots of (1) but the signs are changed.  Hence in (1) we have to change the sign of odd powers of 

x. 

Hence the required equation is  

  

i.e.,         

This gives the required equation. 

 

Problem: 

Multiply the roots of the equation  by  . 

Solution: 

Given                       -------- (1) 

To multiply the roots of (1) by  , we have to multiply the successive coefficients beginning with 

the second by  

i.e.,    

                   

 i.e.,                      

which is the required equation. 

Problem: 

Remove the fractional coefficients from the equation 01
3

1

4

1 23 xxx . 
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Solution: 

Given    01
3

1

4

1 23 xxx   --------- (1) 

Multiply by the roots of (1) by m, we get 

  0
34

3
2

23 mx
m

x
m

x  --------- (2) 

If m = 12 (L.C.M. of 4 and 3), the fractions will be removed.  Put m = 12 in (2), we get 

    i.e.,                       . 

Problem: 

Solve the equation 023116 23 xxx given that its roots are in H.P. 

Solution: 

Given   023116 23 xxx   ---------- (1) 

Its roots are in H.P. x to 
x

1
in (1), we get  

            

2061132

02
1

3
1

11
1

6

23

23

xxx

xxx  

Now the roots of (2) are in A.P. (Since H.P. is a reciprocal of A.P.). Let the roots of (2) be 

.,, dd  

Sum of the roots 

3
2

1

2

3
3

2

3
dd

 

Product of the roots taken 3 at the time is 
2

11
)()( dd  

d = 
2

5
. 
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Case(i) : 

 

1.
3

1
,2,

2

1
.,.

2

.3,
2

1
,2.,.

2

5

2

1
,

2

1
,

2

5

2

1
2,

2

1

2

5

ofrootsareei

ofrootstheofreciprocaltheareequationgiventheofrootsThe

ei

areofrootstheanddWhen

 

 

Case (ii) : 

1.
2

1
,2,

3

1
.,.

2

.2,
2

1
,3.,.

2

5

2

1
,

2

1
,

2

5

2

1
2,

2

1

2

5

ofrootsareei

ofrootstheofreciprocaltheareequationgiventheofrootsThe

ei

areofrootstheanddWhen

 

Problem: 

Diminish the roots of 205475 234 byxxxx and find the transformed equation. 

Solution : 

Diminishing the roots by 2, we get 

  2 1 -5 7 -4 5 

   0 2 -6 2 -4 

  2 1 -3 1 -2 1 (constant term of the 

   0 2 -2 -2  transformed equation) 

  2 1 -1 -1 -4 (coefficient of x) 

   0 2 2  

  2 1 1 1 (coefficient of x
2
) 

   0 2 

  2 1 3 (coefficient of x
3
) 

   0 

   1 (coefficient of x
4
 in the transformed equation) 

The transformed equation whose roots are less by 2 of the given equation is 

0143 234 xxxx  
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Problem: 

Increase by 7 the roots of the equation 021573 234 xxxx and find the transformed 

equation. 

Solution : 

       Increasing by 7 the roots of the given equation is the same as diminishing the roots by -7. 

-7 3 7 -15 1 -2 

   0        -21  98    -581 4060 

  -7 3 -14 83      -580 4058 (constant term of the 

   0 -21 245    -2296              transformed equation) 

  -7 3 -35 328    -2876 (coefficient of x) 

   0 -21 392  

  -7 3 -56 720 (coefficient of x
2
) 

   0 -21  

  -7 3 -77 (coefficient of x
3
) 

   0 

   3 (coefficient of x
4
 in the transformed equation) 

The transformed equation is 040582876720773 234 xxxx . 

Problem: 

Find the equation whose roots are the roots of 024410 234 xxxx increased by 2. 

Solution : 

-2 1 -1 -10 4 24 

   0 -2  6 8 24 

  -2 1 -3 -4 12 0 (constant term of the 

   0 -2 10 -12  transformed equation) 

  -2 1 -5 6  0 (coefficient of x) 

   0 -2 14  

  -2 1 -7 20 (coefficient of x
2
) 

   0 -2 

  -2 1 -9 (coefficient of x
3
) 

   0 

   1 (coefficient of x
4
 in the transformed equation) 

The transformed equation is 0209 34 xxx . 
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Problem: 

If ,,  are the roots of the equation 08126 23 xxx , find an equation whose roots are 

2,2,2 . 

Solution : 

    

  2 1 -6 12 -8   

   0  2 -8  8   

  2 1 -4  4  0  

   0  2 -4  

  2 1 -2  0  

   0  2 

  2 1 0  

   0 

   1  

The transformed equation is .03x   

i.e., the roots are = 0, 0, 0. 

i.e., 02,02,02  

i.e., 2,2,2 . 

Problem: 

Find the transformed equation with sign changed 012766 2345 xxxxx . 

Solution: 

Given that 012766 2345 xxxxx  

Given sign =   + + + - + - 

  + - + - + - 

  + - + + + + 

Now the transformed equation 012766 2345 xxxxx which is the required equation. 
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Nature of the Roots: 

Problem: 

Determine completely the nature of the roots of the equation . 

Solution: 

Given that  

There are 2 times sign changed. 

 There exist 2 positive roots. 

Put x = -x 

       

        

There is 1 time sign changed. 

 There is only one positive root. 

 There are 3 real roots. 

The degree of the equation is 5. 

Number of imaginary roots = degree of equation ï number of real roots 

            = 5 ï 3  

            = 2 

 The number of  imaginary roots = 2. 
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UNIT -2 

MATRICES  

A matrix is defined to be a rectangular array of numbers arranged into rows and columns.  

It is written as follows:- 

  

mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa

......

..............................

......

......

......

321

3333231

2232221

113`1211

 

Special Types of Matrices: 

(i)  A row matrix  is a matrix with only one row.   E.g., [2   1   3]. 

(ii) A column matrix  is a matrix with only one column.  E.g., . 

(iii) Square matrix is one in which the number of rows is equal to the number of columns. 

                If A is the square matrix.  

                             

mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa

......

..............................

......

......

......

321

3333231

2232221

113`1211

 

              then the determinant 

                

is called the determinant of the matrix A and it is denoted by |A| or detA. 

(iv)  Scalar matrix is a diagonal matrix in which all the elements along the main diagonal are  

       equal. 



ALGEBRA AND CALCULUS 

16 
 

 E.g., 

1

1

1

1

000

000

000

000

a

a

a

a

 

(v)  Unit matrix  is a scalar matrix in which all the elements along the main diagonal are unity. 

  I2 =   ,  I3 =  

(vi)  Null or Zero matrix .  If all the elements in a matrix are zeros, it is called a null or zero  

       matrix and is denoted by 0. 

(vii)  Transpose matrix.  If the rows and columns are interchanged in matrix A, we obtain a 

second  

         matrix that is called the transpose of the original matrix and is denoted by A
t
. 

(viii)  Addition of matrices. Matrices are added, by adding together corresponding elements of  

the matrices.  Hence only matrices of the same order may be added together.  The result  

of addition of two matrices is a matrix of the same order whose elements are the sum of  

the same elements of the corresponding positions in the original matrices. 

 E.g., 

6655

4433

2211

65

43

21

65

43

21

baba

baba

baba

bb

bb

bb

aa

aa

aa

 

 

 

Problem: 

Given 

110

203

112

;

605

413

201

BA ; compute 3A-4B 
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Solution : 

           
14415

2033

1045

440

8012

448

18015

1239

603

110

203

112

4

605

413

201

343 BA

 

Problem: Find values of andzyx ,, that satisfy the matrix relationship 

7,8,5,2

201344

522552

125413

:

2052

124

51

132

544

523

zyx

getweequationstheseSolving

z

y

xxx

equationsthegetwematicestwotheseofequalitytheFrom

Solution

xxz

yx

 

Multiplication of Matrices.  

If A is a m × n matrix with rows A1, A2, éé, Am and B is a n × p matrix with columns  

B1, B2, é.., Bp, then the prodduct AB is a m × p matrix C whose elements are given by  

the formula Cij = Ai . Bj. 

 Hence C = AB =  
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Inverse of a Matrix 

Problem: Find the inverse of the matrix 

2 1 1

0 1 3

2 1 1

. 

Solution: 

2 1 1
1 3 0 3 0 1

det 0 1 3 2 1 ( 1)
1 1 2 1 2 1

2 1 1

 

             = 2(1 + 3) ς 1(-6) ς 1(-2) 

        = 8 + 6 + 2 

        = 16. 

  Form the matrix of minor determinants: 

    

1 3 0 3 0 1

1 1 2 1 2 1

1 1 2 1 2 1

1 1 2 1 2 1

1 1 2 1 2 1

1 3 0 3 0 1

 = 

4 6 2

0 4 4

4 6 2

. 

      Adjust the signs of every other element (starting with the second entry): 

   

4 6 2

0 4 4

4 6 2

 

      Take the transpose and divide by the determinant: 

   

4 0 4
1

6 4 6
16 2 4 2

 = 

1 1
4 4
3 31
8 4 8
1 1 1
8 4 8

0

 

So the inverse matrix is 

1 1
4 4
3 31
8 4 8
1 1 1
8 4 8

0

. 

 

 

Problem: Show that A = 

122

212

221

satisfies the equation A
2
 ï 4A ï 5I = 0.  Hence determine its 

inverse. 

Solution: A
2
 = 

122

212

221

122

212

221

= 

988

898

889
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               4A = 

488

848

884

 

                5I = 

500

050

005

 

 

A
2
 ï 4A ï 5I = 

988

898

889

- 

488

848

884

- 

500

050

005

 

           =  

000

000

000

 

Therefore A2
 ï 4A ï 5I = 0.   

Multiplying by A
-1

, we have  

 A
-1

A
2
 ï 4 A

-1
A ï 5 A

-1
I = 0 

i.e., A ï 4I ï 5 A
-1 

= 0  

Therefore 5 A
-1 

= A ï 4I 

    = 

122

212

221

ï 

400

040

004

 

    = 

322

232

223

 

Therefore A
-1 

 = 
5

1

322

232

223

. 

 

Rank of a Matrix  

A sub-matrix of a given matrix A is defined to be either A itself or an array remaining 

after certain rows and columns are deleted from A. 

The determinants of the square sub-matrices are called the minors of A. 

The rank of an m × n matrix A is r iff every minor in A of order r + 1 vanishes while 

there is at least one minor of order r which does not vanish. 
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Problem: Find the rank of the matrix 

4133

362

211

. 

Solution:  

Minor of third order = 

4133

362

211

 

           = 0. 

The minors of order 2 are obtained by deleting any one row and any one column. 

One of the minors of orders 2 is 
62

11
 

Its value is 8. 

Hence the rank of the given matrix is 2. 

  

Rank of a Matrix by Elementary Transformations: 

Problem: Find the rank of the matrix A = 

753

432

521

. 

Solution: The given matrix is  

  A = 

4133

362

211

 

      ~ 

133

122

3

2

810

610

521

RRR

RRR  

      ~ )1(

810

610

521

22 RR  

      ~ 

233200

610

521

RRR

 

      ~ 

133

122

5

2

200

010

001

CCC

CCC  
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      ~ 

233 6200

010

001

CCC

 

      ~ 

2
100

010

001

3
3

R
R

 

 Hence A = 

100

010

001

which is a unit  matrix of order 3. 

 Hence the rank of the given matrix is 3. 

 

Procedure for finding the solutions of a system of equations: 

 Let the given system of linear equations be  

 a11 x1 + a12 x2 + éé + a1n xn = b1 

 a21 x1 + a22 x2 + éé + a2n xn = b2 

 éééééééééééééééééééé 

 am1 x1 + am2 x2 + éé + amn xn = bm 

Step 1: Construct the coefficient matrix which is denoted by  

      mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa

A

......

..............................

......

......

......

321

3333231

2232221

113`1211

 

Step 2: Construct the augmented matrix which is denoted by [A, B] 

  mmnmm

n

n

n

baaa

baaa

baaa

baaa

BA

......

..............................

......

......

......

],[

21

333231

222221

111211

 
Step 3: Find the ranks of both the coefficient matrix and augmented matrix which are denoted by R(A) 

and R(A, B). 

Step 4: Compare the ranks of R (A) and R(A, B) we have the following results. 

(a) If R(A) = R(A, B) = n (number of unknowns) then the given system of equations are 

consistent and have unique solutions. 
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(b) If R(A) = R(A, B) < n (number of unknowns) then the given system of equations are 

consistent and have infinite number of  solutions. 

(c) If R(A) ґ R(A, B) then the given system of equations are inconsistent (that is the given system 

of equations have no solution). 

 

Problem: Test for consistency and hence solve .0,332,232 zyxzxzyx  

Solution:  The coefficient matrix  

                     A = 

111

302

321

 

  The augmented matrix 

    [A, B] ~ 

0111

3302

2321

 

   ~ 

133

122 2

2230

1910

2321

RRR

RRR  

   ~ 
4

2230
4

1

4

9
10

2321

2
2

R
R  

   ~ 
4

2230
4

1

4

9
10

2321

2
2

R
R  

   ~ 

19

4

19

5
100

4

1

4

9
10

2321

3
3

R
R

 

 Here rank of coefficient matrix is 3. 

 Rank of augmented matrix is 3. 

 Hence the given system of equations are consistent and have unique solution. 
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Problem: Test the consistency of the following system of equations and if consistent solve  

      .2574,22,22 zyxzyxzyx  

Solution: 

The coefficient matrix  

                     A = 

574

121

112

 

 The augmented matrix 

    [A, B] ~ 

2574

2121

2112

 

   ~ 21 ~

2574

2112

2121

RR  

   ~ 

133

122

4

2

69150

2350

2121

RRR

RRR  

   ~ 

2332350

2350

2121

RRR

 

 Here rank of coefficient matrix is R(A) = 2. 

 Rank of augmented matrix is R(A, B) = 2. 

 i.e., R(A) = R(A, B) < 3 (the number of unknowns) 

 Hence the given system of equations are consistent but have infinite number of solutions.  

Here the reduced system is  

 5y +3z = 2 

       x + 2y + z = 2 

i.e.,  y = 
5

32 z
 

 x = 2 ï z ï 2 (
5

32 z
) 

    = 
5

6 z
 

i.e., x = 
5

6 k
, y = 

5

32 z
, z = k  where z = k is the parameter. 

 

 

 



ALGEBRA AND CALCULUS 

24 
 

Solution of Simultaneous Equations 

 

Problem: Solve the system of equations  

2 6

2 3 6.5

4 2 5 2

x y z

x y z

x y z

 

Solution:  

It can be represented as:         

2 1 1 6

1 2 3 6.5

4 2 5 2

x

y

z

. 

To see whether a solution exists we need to find 

2 1 1

det 1 2 3

4 2 5

. 

This determinant is 
2 3 1 3 1 2

2 1 1
2 5 4 5 4 2

= 2(-4) ς (-17) + (-10) = -1 

Therefore we know that the equations do have a unique solution. 

To find the solution we need to find the inverse of the matrix 

2 1 1

1 2 3

4 2 5

. 

  Find the determinant: we have already found that this is -1. 

  Form the matrix of minor determinants (which, for a particular entry in the matrix, is the determinant 

of the 2 by 2 matrix that is left when the row and column containing the entry are deleted): 

     

4 17 10

3 14 8

1 5 3

 

  Adjust the signs of every other element (starting with the second entry): 

     

4 17 10

3 14 8

1 5 3

 

  Take the transpose and divide by the determinant: 

              

4 3 1 4 3 1
1

17 14 5 17 14 5
1 10 8 3 10 8 3

 

               So the inverse matrix is 

4 3 1

17 14 5

10 8 3

. 

Hence the solutions to the equations are found by 

4 3 1 6 2.5

17 14 5 6.5 1

10 8 3 2 2

x

y

z

. 

Therefore x = 2.5, y = -1 and z = 2. 
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Cayley ï Hamilton theorem: 

 Every square matrix satisfies its own characteristic equation. 

Problem: Verify  Cayley ς Hamilton theorem for the matrix 

653

542

321

 and hence find the 

 inverse of A. 

Solution :  The characteristic equation of matrix A is  

˂3 ς ˂ 2(1+4+6) + ˂ (-1-3+0)ς[1(-1)-2(-3)+3(-2)] = 0 

˂3-11˂ 2-4 ˂ +1 = 0 , which is the characteristic equation. 

By Cayley ς Hamilton theorem , we have to prove  

 A3-11A2-4 A+1 = 0 

     A2 =  A .A =

653

542

321

 

653

542

321

  = 

705631

564525

312514

 

     A3 = A2 A = 

705631

564525

312514

653

542

321

 = 

793636353

636510283

353283157

 

       A3-11A2-4 A+I = 

793636353

636510283

353283157

 -11

705631

564525

312514

   -4 

653

542

321

 +

100

010

001

      

                                = 

000

000

000

 = 0 

Hence the theorem is verified. 

To find A-1 

 We have A3-11A2-4 A+I = 0 

               I = - A3+11A2+4 A 

              A-1 = -A2-11A+4 I 

                              = - 

705631

564525

312514

-11

653

542

321

+ 4

100

010

001

  Č   A-1    =  

012

133

231
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Problem: Find all the eigen values and eigen vectors of the matrix A = 

121

211

112

 

 Solution :  Given A = 

121

211

112

 

The characteristic equation of the matrix is  

˂3 ς ˂ 2(2+1+1) + ˂ (-3+1+1) ς[2(-3)-1(-1)-1(-1)] = 0 

˂3-4 ˂ 2- ˂ +4 = 0 , which is the characteristic equation. 

  1 1 -4 -1 4 

   0 1 -3 -4 

     

1 -3 -4 0 

 ˂= 1 is a root. 
The other roots are ˂2-3 ˂  -4=0 

 (  ˂-4)( ˂  +1) =0  

 ˂= 4 , -1 

Hence ˂  Ґ м Σ п Σ -4. 

The eigen vectors of the matrix A is given by (A- ˂ I)X = 0 

i.e.  

121

211

112

 

3

2

1

x

x

x

 = 0 

 (2- ˂ ύ x1 + x2 - x3 = 0 

  x1 + (1- ˂ ύ x2 ς 2x3 Ґ л             ΧΧΧΧΧΦΦόмύ 

 -x1 - 2x2  + (1- ˂ )x3 = 0                   

When ˂  = 1 , equation (1) becomes  

x1+x2-x3 = 0 

x1+0x2-2x3 = 0 

-x1-2x2+0x3 = 0 

 Take first and second equation, 

x1+x2-x3 = 0 

x1+0x2-2x3 = 0 
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02

1x
 = 

12

2x
 = 

10

3x
 

    
2

1x
 = 

1

2x
 = 

1

3x
 

x1 = 

1

1

2

 

 When ˂  = -1 , equation (1) becomes 

3x1+x2-x3 = 0 

x1+2x2-2x3 = 0 

 
22

1x
 = 

16

2x
 = 

16

3x
 

    
0

1x
 = 

1

2x
 = 

1

3x
 

 x2= 

1

1

0

 

When ˂  = 4 , equation (1) becomes 

-2x1+x2-x3 = 0 

x1-3x2-2x3 = 0 

 
32

1x
 = 

14

2x
 = 

16

3x
 

    
1

1x
 = 

1

2x
 = 

1

3x
   

 x3= 

1

1

1

 .    Hence Eigen vector = 

111

111

102
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Problem:  Find all the eigen values and eigen vectors of 

221

131

122

 

      Solution : Given A = 

221

131

122

 

The characteristic equation of the matrix is  

˂3 ς ˂ 2(2+3+2) + ˂ (4+3+4)ς[2(4)-2(1)+1(-1)] = 0 

˂3-7 ˂ 2+11 ˂ -5 = 0 , which is the characteristic equation. 
  1 1 -7 11 -5 

   0 1 -6 5 

     

1 -6 5 0 

 ˂= 1 is a root. 

The other roots are ˂2-6 +˂5=0 

 (  ˂-1)( ˂  -5) =0  

 ˂= 1 ,5 

IŜƴŎŜ ˂ Ґ м Σ м Σ рΦ 

The eigen vectors of the matrix A is given by (A- ˂ I)X = 0 

i.e.  

221

131

122

 

3

2

1

x

x

x

 = 0 

 (2- ˂ ύx1 +2x2+x3 = 0 

  x1+(3- ˂ ύx2+x3 Ґ л             ΧΧΧΧΧΦΦόмύ 

 x1+2x2+(2- ˂ )x3 = 0                   

When ˂  = 1 , equation (1) becomes  

x1+2 x2 +x3 = 0 

x1+2x2+x3 = 0 

x1 +2x2+x3 = 0 

Here all the equations are same. 

Put x3 = 0 , we get x1 + 2 x2 = 0 
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 x1 = -2x2 

2

1x
 = 

1

2x
 

x1 = 

0

1

2

 

For ˂  = 1 , put x2 = 0 ,we get 

x1+x3 = 0 

x1= -x3 

 
2

1x
 = 

1

2x
 

 

x2 = 

1

0

1

 

When ˂  = 5 , equation(1) becomes  

-3x1+2 x2 +x3 = 0 

x1-2x2+x3 = 0 (taking first and second equation) 

 
22

1x
 = 

13

2x
 = 

26

3x
 

    
4

1x
 =

4

2x
 = 

4

3x
 

 x3= 

1

1

1

 .   Hence Eigen vector = 

110

111

112
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Problem: Find the eigen values and eigen vectors of 

110

121

211

 

Solution : The characteristic equation of matrix A is 

022

0)]1(2)1(1)3(1[)313()121(

23

23

  

  2 1 -2 -1 2 

   0  2   0 -2 

    

   1  0 -1   0   

˂ Ґ н ƛǎ ŀ ǊƻƻǘΦ 
The other roots are 

1,1

0)1)(1(

012

   

Hence ˂  Ґ н Σ м Σ -1 

 The eigen vectors of matrix A is given by  

0)1(0

0)2(

02)1(

0

110

121

211

0)(

321

321

321

3

2

1

xxx

xxx

xxx

x

x

x

XIA

  ΧΧΧΧΧΧΧΧΧΧόмύ 

²ƘŜƴ ˂ Ґ м Σ9ǉǳŀǘƛƻƴ όмύ ōŜŎƻƳŜǎ  

1

2

3

123

102021

0

020

1

321

321

321

321

X

xxx

xxx

xxx

xxx
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²ƘŜƴ ˂ Ґ -1 ,Equation (1) becomes  

x2=0 

2x1-2x3 = 0 

x1 =x3 

1

0

1

2X  

²ƘŜƴ ˂ Ґ нΣ 

Equation (1) becomes  

-x1+x2-2x3=0 

-x1+0x2+x3=0(taking first and second equation) 

1

3

1

131

102101

3

321

321

X

xxx

xxx

 

Hence Eigen vector  = 

111

302

113
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Unit ï III  

Maxima And Minima  

If a continuous function increases up to a certain value and then decreases, that value is 

called a maximum value of the function. 

If a continuous function decreases up to a certain value and then increases, that value is 

called a minimum  value of the function. 

Theorem: If  , then f(x) has a maximum if  and a 

minimum if  .  

Problem: 

Find the maxima and minima of the function 103632 23 xxx . 

Solution: 

              Let f(x) be 103632 23 xxx . 

At the maximum or minimum point f
ô
(x) = 0 

Here f
ô
(x) =6 x

2
 -6x ï 36 

                 =6 (x-3) (x+2)                                                                                                                          

 x=3 and x=-2 give maximum or minimum. 

To distinguish between the maximum and minimum,we need  

When x=3 ,  

When x=-2,                                                                   

 x=-2 gives the maximum and x=3 gives the minimum. 

Hence Maximum value = f(-2) = 54 and Minimum value = f(3) = -71. 

Problem:  Find the maximum value of  for positive values of x. 

Solution :                  Let f(x) be     

   =   

      =   
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At a maximum or a minimum,  = 0. 

 1 ï log x = 0 .  x = e. 

 =  , i.e., - ve. 

 x = e gives a maximum. 

Maximum value of the function f(e) = . 

Concavity and Convexity, Points of inflexion: 

 If the neighbourhood of a point P on a curve is above the tangent at P, it is said to be 

Concave upwards; if the curve is below the tangent at P, it is said to be concave downwards or 

convex upwards. 

 If at a point P, a curve changes its concavity from upwards to downwards or vice versa, P 

is called a point of inflexion. 

Problem: 

For what values of x is the curve  concave upwards and when is it convex 

upwards? 

Solution: 

                  

Then , 

         

If x  ,  is negative and so convex upwards. 

If x  ,  is positive and so concave upwards. 

If x  ,  = 12 and so there is a point of inflexion at  .  i.e., at the point  
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Partial Differentiation  

 Let u = f(x, y) be a function of two independent variables.  Differentiating u w.r.t. óxô 

keeping óyô constant is known as the partial differential coefficient of óuô w.r.t. óxô. 

    It is denoted by  . 

   means differentiate u w.r.t. óxô keeping óyô constant. 

    Similarly if we differentiate u w.r.t. óyô keeping óxô constant is known as the partial differential 

coefficient of óuô w.r.t. óyô. 

    It is denoted by  . 

   means differentiate u w.r.t. óyô keeping óxô constant. 

     Symbolically, if u = f(x, y), then 

  

             . 

Problem: 

If u = log (x
2
 + y

2
 + z

2
), prove that  . 

Solution: 

Given   u = log (x
2
 + y

2
 + z

2
) 

           

                          =   

           

                             ------ (1) 

  Similarly                   ------ (2) 



ALGEBRA AND CALCULUS 

35 
 

                           ------ (3) 

Adding (1), (2) and (3) we get 

  

                                       . 

Problem: 

If u = log(tanx + tany + tanz), show that  = 2. 

Solution: 

Given u = log(tanx + tany + tanz)  

  

   sin2x    ------ (1) 

Similarly,       sin2y    ------ (2) 

       sin2z    ------ (3) 

Adding (1), (2) and (3) we get 

 

              =  

              =   

              = 2 
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Eulerôs Theorem on Homogeneous Function 

Theorem: If u is a homogeneous function of degree n in x and y, then   . 

Problem:  If u = , show that . 

Solution:         Given      u =  

 i.e., sin u =  =   

 sin u = x f  , where f  =  

 sin u is a homogeneous function of degree 1.  By Eulerôs theorem  

   

  

  . 

Problem: 

Verify Eulerôs Theorem when u = x
3
 + y

3
 + z

3
 + 3xyz.  

Solution: 

  = 3x
2
 + 3yz. 

  = 3y
2
 + 3zx. 

  = 3z
2
 + 3xy. 

 = x (3x
2
 + 3yz) + y (3y

2
 + 3zx) + z (3z

2
 + 3xy) 

           = 3 (x
3
 + y

3
 + z

3
 + 3xyz) 

           = 3u. 
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Total Differential Coefficient:  

Problem: 

Find  where u =  , x = e
t
, y = e

t
 sint and z = e

t
 cost. 

Solution: 

  =   +  +   

      = 2 x e
t
 + 2 y (e

t 
sint + e

t 
cost) + 2 z (e

t 
cost - e

t 
sint)  

      = 2 e
t 
(x + y sint + y cost + z cost ï z sint) 

      = 2 e
t 
(e

t 
+ e

t 
sin

2
t + e

t 
sint cost + e

t 
cos

2
t - e

t 
sint cost) 

      = 2 e
t 
. 2 e

t 
 

      = 4 e
t 
. 

Problem: 

If x
3
 + y

3
 + 3axy, find  . 

Solution: 

 x
3
 + y

3
 + 3axy =0 , i.e., f(x, y) = 0. 

  = 3x
2
 ï 3ay 

  = 3y
2
 ï 3ax 

   =  

      =  . 
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UNIT ï IV  

Evaluation of Integrals & Fourier Series 

Integrals of  the form   

Problem: Evaluate  . 

Solution: 

  

 Put x +1 = y;   dx = dy 

  

         =   . 

Problem: Evaluate  . 

Solution: 

  

       =    

       =   

Put x  = y;   dx = dy 

      =    

      =  

      =   
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Integral of the form  

Problem: Evaluate  

Solution:  

 Let 3x + 1 = A  (  ) + B 

       3x + 1 = A (4x ï 1) + B 

Equating coefficient of óxô on both sides we get 

      3 = 4A Č A =   

Equating constant coefficients we get, 

      1 = - A + B 

      B = A + 1 =   +1 =  =  . 

 3x + 1 =  (4x ï 1) +  . 

   =  

  =   

  =  log (  +    

  =  log (  +   

  =  log (  +    

  =  log (  +  . 
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Integrals of  the form   

Problem: Evaluate  

Solution: 

      =  

   =   =   

   =   

   =  

Integral of the form  

Problem: Evaluate . 

Solution: 

Let 2x + 1 = A  (  ) + B 

       2x + 1 = A (ï2x +4) + B 

Equating coefficient of óxô on both sides we get 

      2 = -2A Č A = -1 

Equating constant coefficients we get, 

      1 = 4A + B 

      B = 1 - 4A =  1 + 4 = 5 . 

 2x + 1 =  (2x + 1) + 5 . 

    =  

       =  +  

       = 2  +  
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       = 2  +  

       = 2  +  . 

 

Properties of Definite Integrals: 

   where . 

1.  

2.  

3.  

4.  

5.  

6. If f(x) is an odd function i.e., f(-x) = - f(x) then  

 
7. If f(x) is an even function i.e., f(-x) =  f(x) then  

 

Problem: Evaluate  

Solution: 

Let          I =   ------ (1) 

Also I =    

  =   ------ (2) 

Adding (1) and (2) we get 

 2I =  

      =   
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      =  =  

 2I =  

            I =   .  

Problem: Evaluate  . 

Solution: 

Let I =   ------ (1) 

Also  I =      

 =   ------ (2) 

Adding (1) and (2) we get 

 2I =  

      =  

      =  

      =  

      =  

      =  

      =  

  2I =    ------ (3) 

To evaluate  

Put 2x = y, 2dx = dy.  When x = 0, y = 0; x =  , y =  
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 =   

           =  

           =   = I 

i.e.,   ------ (4) 

Substituting (4) in (3), we get 

 2I =  I +  

    I =    

i.e.,  

            =  . 

 

FOURIER SERIES 

 

Particular Cases 

Case (i)  

If f(x) is defined over the interval (0,2l).   

    f(x) = ]sincos[
2 1

0

n

nn
l

xn
b

l

xn
a

a
 

l

n

l

n

l

xdx
l

n
xf

l
b

xdx
l

n
xf

l
a

dxxf
l

a

2

0

2

0

2

0

0

,sin)(
1

,cos)(
1

)(
1

      ,......2,1n    

If  f(x) is defined over the interval (0,2).   

f(x) = ]sincos[
2 1

0

n

nn nxbnxa
a

 

a0  = 

2

0

)(
1

dxxf  
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2

0

cos)(
1

nxdxxfan
Σ    ƴҐмΣнΣΧΦΦ   

2

0

sin)(
1

nxdxxfbn       ƴҐмΣнΣΧΦΦ 

    

 

Case (ii)  

If f(x) is defined over the interval (-l , l).   

f(x) = ]sincos[
2 1

0

n

nn
l

xn
b

l

xn
a

a
 

  

             

 

 

 

 

        

           n ҐмΣнΣΧΧ          

 

 

 

       ƴҐмΣнΣΧΧ 

If  f(x) is defined over the interval (- , ).   

f(x) = ]sincos[
2 1

0

n

nn nxbnxa
a

 

 

a0  = dxxf )(
1

 

nxdxxfan cos)(
1

,     ƴҐмΣнΣΧΦΦ      

nxdxxfbn sin)(
1

           ƴҐмΣнΣΧΦΦ 

 

 

 

 

 

l

l

n

l

l

xdx
l

n
xf

l
a

dxxf
l

a

cos)(
1

)(
1

0

l

l

n xdx
l

n
xf

l
b ,sin)(

1
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Problem:  Obtain the Fourier expansion of  

 f(x) = x
2

1
 in -  < x <  

Solution:  

 dxxdxxfa )(
2

11
)(

1
0  

       = 
22

1 2x
x  

 nxdxxnxdxxfan cos)(
2

11
cos)(

1
 

Here we use integration by parts, so that 

 

00
2

1

2

cos
)1(

sin

2

1

n

nx

n

nx
xna

 

 

n

n

nx

n

nx
x

nxdxxb

n

n

)1(

sin
)1(

cos

2

1

sin)(
2

11

2
 

Using the values of a0 , an and bn in the Fourier expansion 

  
1 1

0 sincos
2

)(
n n

nn nxbnxa
a

xf  

we get, 

 
1

sin
)1(

2
)(

n

n

nx
n

xf  

This is the required Fourier expansion of the given function. 
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Problem: Obtain the Fourier expansion of f(x)=e-ax in the interval (- , ).  Deduce that 

 
2

2 1

)1(2
cos

n

n

n
ech

 

Solution: 

 

Here, 

22

22

0

sinh)1(2

sincos
1

cos
1

sinh2

11

na

aa

nxnnxa
na

e
a

nxdxea

a

a

a

ee

a

e
dxea

n

ax

n

ax

n

aa

ax
ax

 

 

 bn = nxdxe axsin
1

 

 

 =  nxnnxa
na

e ax

cossin
1

22
  

 =  
22

sinh)1(2

na

an n

 

Thus, 

 f(x) = 
1

22
1

22
sin

)1(
sinh

2
cos

)1(sinh2sinh

n

n

n

n

nx
na

n
anx

na

aa

a

a
 

For  x=0, a=1, the series reduces to  

 f(0)=1 = 
1

2 1

)1(sinh2sinh

n

n

n
 

or 

 1 = 
2

2 1

)1(

2

1sinh2sinh

n

n

n
 

or   1 =  
2

2 1

)1(sinh2

n

n

n
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Thus,  

 
2

2 1

)1(
2cos

n

n

n
ech  

This is the desired deduction. 

 

Problem:  Obtain the Fourier expansion of f(x) = x2 over the interval (- , ).  Deduce that 

 ......
3

1

2

1
1

6 22

2

 
Solution:  

                The function f(x) is even.  Hence 

 a0 = dxxf )(
1

=
0

)(
2

dxxf  

 =
0 0

3
2

3

22 x
dxx  

or    3

2 2

0a
 

 nxdxxfan cos)(
1

 

 =
0

,cos)(
2

nxdxxf    since f(x)cosnx is even 

 = 
0

2 cos
2

nxdxx  

 

Integrating by parts, we get 

 

 

 

 

 

 

 

Also,    0sin)(
1

nxdxxfbn        since f(x)sinnx is odd.  

 

 

 

 

2

0

32

2

)1(4

sin
2

cos
2

sin2

n

n

nx

n

nx
x

n

nx
xa

n

n
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Thus 

 

6

1

1
4

3

cos)1(
4

3
)(

2

1
2

1
2

2
2

1
2

2

n

n

n

nx
xf

n

n

n

 

Hence,   .....
3

1

2

1
1

6 22

2

 

 

Problem:   Obtain the Fourier expansion of  

 

 
2,2

0,
)(

xx

xx
xf  

Deduce that 

 ......
5

1

3

1
1

8 22

2

 

Solution:  

Here, 

 

 a0 = dxxf )(
1

=
0

)(
2

dxxf  

 

0

0

cos)(
2

cos)(
1

2

nxdxxfnxdxxfa

xdx

n

 since f(x)cosnx is even. 

 = 
0

cos
2

nxdxx
 

 

1)1(
2

cos
1

sin2

2

0

2

n

n

n

nx

n

nx
x

 

Also, 

 0sin)(
1

nxdxxfbn ,  since f(x)sinnx is odd 
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Thus the Fourier series of f(x) is  

 nx
n

xf
n

n cos1)1(
12

2
)(

1
2

 

For x=  , we get 

 )(f  n
nn

n cos1)1(
12

2 1
2

 

or  
1

2)12(

)12cos(22

2 n n

n
 

Thus, 

  
1

2

2

)12(

1

8 n n
 

or   ......
5

1

3

1
1

8 22

2

 

This is the series as required. 

 

Problem:  Obtain the Fourier expansion of  

 f(x) = 
xx

x

0,

0,
 

Deduce that  

 ......
5

1

3

1
1

8 22

2

 

Solution:  

 Here,  

 
2

1
0

0

0 xdxdxa  

 

1)1(
1

coscos
1

2

0

0

n

n

n

nxdxxnxdxa

 

 

n

n

n

nxdxxnxdxb

)1(21
1

sinsin
1

0

0  

Fourier series is 

 f(x) = 
11

2
sin

)1(21
cos1)1(

11

4 n

n

n

n nx
n

nx
n
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as f(x) cos(nx) is even  

Note that the point x=0 is a point of discontinuity of f(x).  Here f(x+) =0, f(x-)=-  at x=0.  Hence 

 
2

0
2

1
)]()([

2

1
xfxf  

The Fourier expansion of f(x) at x=0 becomes 

 

1
2

2

1
2

]1)1[(
1

4

]1)1[(
11

42

n

n

n

n

n
or

n
 

Simplifying we get, ......
5

1

3

1
1

8 22

2

 
 

Problem:  Obtain the Fourier series of f(x) = 1-x2 over the interval (-1,1). 
Solution:  
The given function is even,  as f(-x) = f(x). Also period of f(x) is 1-(-1)=2 
Here  

 a0 = 
1

1

)(
1

1
dxxf =

1

0

)(2 dxxf  

 = 2

1

0

1

0

3
2

3
2)1(

x
xdxx  

                                    
3

4
 

 
1

0

1

1

)cos()(2

)cos()(
1

1

dxxnxf

dxxnxfan

    

 = 

1

0

2 )cos()1(2 dxxnx  

Integrating by parts, we get 

 

1

0

32

2

)(

sin
)2(

)(

cos
)2(

sin
12

n

xn

n

xn
x

n

xn
xan  

 = 
22

1)1(4

n

n

 

 
1

1

)sin()(
1

1
dxxnxfbn     =0,  since f(x)sin(nx) is odd. 

The Fourier series of f(x) is    f(x) = 
1

2

1

2
)cos(

)1(4

3

2

n

n

xn
n  
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Problem: Obtain the Fourier expansion of  

 f(x) = 

2

3
0,

3

4
1

0
2

3
,

3

4
1

x
x

x
x

 

Deduce that   ......
5

1

3

1
1

8 22

2

 

Solution:  

The period of f(x) is 3
2

3

2

3
 

Also       f(-x) = f(x).    Hence f(x) is even 

 

 

2/3

0

2

2/3

0

2/3

2/3

2/3

0

2/3

2/3

2/3

0

0

3

2

3

2
cos

3

4

3

2

3

2
sin

3

4
1

3

4

3

2
cos)(

2/3

2

2/3
cos)(

2/3

1

0
3

4
1

3

4

)(
2/3

2
)(

2/3

1

n

xn

n

xn

x

dx
xn

xf

dx
xn

xfa

dx
x

dxxfdxxfa

n

 

 = n

n
)1(1

4
22

 

Also,  

 
2

3

2
3

0

2
3

sin)(
3

1
dx

xn
xfbn  

Thus 

 f(x) = 
1

22 3

2
cos)1(1

14

n

n xn

n
 

putting x=0, we get 

 f(0) = 
1

22
)1(1

14

n

n

n
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or  1 = ......
5

1

3

1
1

8
222

 

Thus,  ......
5

1

3

1
1

8 22

2

 

 

 

HALF-RANGE FOURIER SERIES 

The Fourier expansion of the periodic function f(x) of period 2l may contain both sine and cosine terms.  

Many a time it is required to obtain the Fourier expansion of f(x) in the interval (0,l) which is regarded as 

half interval.  The definition can be extended to the other half in such a manner that the function 

becomes even or odd.  This will result in cosine series or sine series only. 

 

Sine series : 

Suppose f(x) = (x) is given in the interval (0,l).  Then we define f(x) = - (-x) in (-l,0).  Hence 

f(x) becomes an odd function in (-l , l). The Fourier series then is 
 

1

sin)(
n

n
l

xn
bxf     (11) 

where    

l

n dx
l

xn
xf

l
b

0

sin)(
2

 

The series (11) is called half-range sine series over (0,l).   
 

Putting l=  in (11), we obtain the half-range sine series of f(x) over (0,) given by 
 

1

sin)(
n

n nxbxf  

0

sin)(
2

nxdxxfbn  

Cosine series : 

Let us define 
 

in (0,l)    given.....  

            in (-lΣлύ   ΧΦΦƛƴ ƻǊŘŜǊ ǘƻ ƳŀƪŜ ǘƘŜ ŦǳƴŎǘƛƻƴ ŜǾŜƴΦ 
 

Then the Fourier series of f(x) is given by  

1

0 cos
2

)(
n

n
l

xn
a

a
xf    (12) 

                                         where,         
l

n

l

dx
l

xn
xf

l
a

dxxf
l

a

0

0

0

cos)(
2

)(
2

 

)(

)(
)(

x

x
xf
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The series (12) is called half-range cosine series over (0,l) 
 

Putting l =  in (12), we get 
 

 

 

 

 

 

 

 

 

Problem:  Expand f(x) = x( -x) as half-range sine series over the interval (0,). 

Solution: We have, 

0

2

0

sin)(
2

sin)(
2

nxdxxx

nxdxxfbn

 

Integrating by parts, we get 

n

n

n

n

nx

n

nx
x

n

nx
xxb

)1(1
4

cos
)2(

sin
2

cos2

3

0

32

2

 

The sine series of f(x) is 

1
3

sin)1(1
14

)(
n

n nx
n

xf

 
 

Problem:  Obtain the cosine series of  

xx

xx

xf

2
,

2
0,

)(  ),0(over  

Solution:  

           Here         
2

0
2

2

0
2

0

cos)(cos
2

2
)(

2

nxdxxnxdxxa

dxxxdxa

n

 
 

..1,2,3,ncos)(
2

)(
2

cos
2

)(

0

0

0

1

0

nxdxxfa

dxxfa

where

nxa
a

xf

n

n

n
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Performing integration by parts and simplifying, we get 

,.....10,6,2,
8

2
cos2)1(1

2

2

2

n
n

n

n
a n

n

 

Thus, the Fourier cosine series is 

f(x) = ......
5

10cos

3

6cos

1

2cos2

4 222

xxx

 
 

 

Problem:  Obtain the half-range cosine series of f(x) = c-x in 0<x<c 

 

Solution:  

Here 
c

cdxxc
c

a
0

0 )(
2

 

c

n dx
c

xn
xc

c
a

0

cos)(
2

 

Integrating by parts and simplifying we get, 

 

n

n
n

c
a )1(1

2
22

 

The cosine series is given by 

 

f(x) = 
1

22
cos)1(1

12

2 n

n

c

xn

n

cc
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UNIT -V  

DIFFERENTIAL EQUATIONS 

Definition:  

 A differential equation is an equation in which differential coefficients occur. 

Differential equations are of two types(i) Ordinary and (ii) Partial. 

An ordinary differential equation is one which a single independent variable enters, either 

explicity or implicity. For example, 

xy
dx

dy
xy

dx

yd
x

xm
dr

xd
x

dx

dy

sin22

0,sin2

2

2

2

2

2

 

 are ordinary differential equations. 

Variable separable. 

 Suppose an equation is of the form 0)()( dyyFdxxf . 

 We can directly integrate this equation and the solution is ,)()( cdyyFdxxf where 

c is an arbitrary constant. 

Problem: Solve 0
1

1
2

1

2

2

x

y

dx

dy
  

Solution: 

  We have .0
11 22 x

dy

y

dy
 

 Integrating, sin
-1

y + sin
-1

x = c . 

Problem: Solve tany 
dx

dy
= cotx. 

Solution:  tany 
dx

dy
= cotx 

             tany dy = cotx dx 
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 dxxdyy cottan  

 log secy = log sinx + logc 

 log secy ï log sinx = logc 

 log 
x

y

sin

sec
= log c 

          
x

y

sin

sec
= c . 

Problem: Solve tanx sec
2
y dy + tany sec

2
x dx = 0 

Solution: 

 tanx sec
2
y dy = - tany sec

2
x dx 

 

dx
x

x
dy

y

y

dx
x

x
dy

y

y

tan

sec

tan

sec

tan

sec

tan

sec

22

22

 

 put t = tany  put u = tanx 

 dt = sec
2
y dy    du = sec

2
x (- dx) 

 log t = - log u + log c 

 log t + log u = log c 

 log (tu) = log c 

 tu = c 

 tan y tan x = c. 

Problem: Solve secx dy + secy dx = 0 

Solution:  secx dy = - secy dx 

dxxdyy

x

dx

y

dy

coscos

secsec  

 sin y = - sin x + c 

 sin x + sin y  = c. 
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Linear Equation:  

 A differential equation is said to be linear when the dependent variable and its derivatives 

occur only in the first degree and no products of these occur. 

 The linear equation of the first order is of the form QPy
dx

dy
, where P and Q are 

functions of x only. 

Problem: Solve (1 + x
2
) 

dx

dy
+ 2xy = 4x

2
. 

Solution:  

 Divided by 1 + x
2
 

 

2

2

2

2

2

22

2

1

4

1

2

1

4

1

2

 ) x+ (1

 ) x+ (1

x

x

x

xy

dx

dy

x

x

x

xy

dx

dy

 

 This is of the form QPy
dx

dy
. 

 P = 
21

2

x

x
 and Q = 

2

2

1

4

x

x
 

The solution is cdxeQey
PdxPdx

 

             cdxe
x

x
ey

dx
x

x
dx

x

x
22 1

2

2

2

1

2

1

4
            Ą (1) 

 
Pdx

e = 
dx

x

x

e
21

2

 

put t = 1 + x
2
 

   dt = 2x dx 

dx
x

x

e
21

2

= t

dt

e  

 = e 
logt

 

 =  t  
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dx
x

x

e
21

2

= 1 + x
2
. Ą (2) 

Using (2) in (1), 

y (1 + x
2
) = cdxx

x

x
)1(

1

4 2

2

2

 

y (1 + x
2
) = cdxx24  

y (1 + x
2
)  = c

x

3

4 3

. 

Problem: Solve  
dx

dy
+ y sec x = tan x.  

Solution: 

 This is of the form QPy
dx

dy
. 

 The solution is cdxeQey
PdxPdx

 

 P = sec x  &  Q = tan x 

 

xx

eeNow

cdxexey

xxdxx

dxxdxx

tansec

)1(tan

)tanlog(secsec

secsec

 

(1) Ą y (secx + tanx) = cdxx   tanx)+(secx tan  

 

        

.tansec

secsec

)sec1(sec

 xtan +dxsecx tan

2

2

2

cxxx

xdxdxx

dxxx

cdxx
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Problem: Solve 
dx

dy
- tan xy = -2 sin x.  

Solution: 

 This is of the form QPy
dx

dy
. 

 The solution is cdxeQey
PdxPdx

 

 P = - tan x  &  Q = -2 sin x 

 

x

eeNow

cdxexey

xdxx

dxxdxx

sec

)1(sin2

seclogtan

tantan

 

 - y sec x = cdxxx )sec(sin2  

    = cdxxx secsin2  

    = cdx
x

x

cos

sin
2  

   = cdxxtan2  

            - y sec x = 2 log secx + c. 

Problem: Solve 
dx

dy
x2cos + y = tan x.  

Solution: 

 Divided by cos
2
x . 

 

xxQxP

xxxy
dx

dy

x

x

x

y

dx

dy

x

x

22

22

222

2

sectan&sec

sectansec

cos

tan

coscos

cos

 

 The solution is cdxeQey
PdxPdx
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xdxx

dxxdxx

eeNow

cdxexxey

tansec

sec2sec

2

22

)1(sectan

 

 y e
tanx

 = cdxexx xtan2sectan  

 put t = tanx 

 dt = sec
2
x dx 

 y e
t
 = cdtet t  

       = t . e
t
 - e

t 

       = e
t 
(t ï 1) + c 

       y e
tanx

 = e
tanx

 ( tanx ï 1) + c 

Problem: Solve (1 + x
2
) 

dx

dy
+ 2xy = cosx. 

Solution:  

 Divided by 1 + x
2
 

 

22

222

2

1

cos

1

2

1

cos

1

2

 ) x+ (1

 ) x+ (1

x

x

x

xy

dx

dy

x

x

x

xy

dx

dy

 

 This is of the form QPy
dx

dy
. 

 P = 
21

2

x

x
 and Q = 

21

cos

x

x
 

The solution is cdxeQey
PdxPdx

 

             cdxe
x

x
ey

dx
x

x
dx

x

x
22 1

2

2

1

2

1

cos
            Ą (1) 

 
Pdx

e = 
dx

x

x

e
21

2

 

put t = 1 + x
2
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   dt = 2x dx 

dx
x

x

e
21

2

= t

dt

e  

 = e 
logt

 

 =  t  

dx
x

x

e
21

2

= 1 + x
2
. Ą (2) 

Using (2) in (1), 

y (1 + x
2
) = cdxx

x

x
)1(

1

cos 2

2
 

y (1 + x
2
) = cdxxcos  

y (1 + x
2
)  = cxsin . 

 

LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS  

Problem: Solve (D
2
 + 5D + 6) y = e

x
. 

Solution: 

 To find the C.F. solve (D
2
 + 5D + 6) y = 0. 

 The auxiliary equation is m
2
 + 5m + 6 = 0. 

 Solving, m = -2 and -3. 

 C.F. = A e
-2x

 + B e
-3x

. 

 P.I. = xe
DD 65

1
2

 

       = 
12

1
e

x
 on replacing D by 1. 

 y = A e
-2x

 + B e
-3x

  + 
12

1
e

x
 . 
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Problem: Solve (D
2
 ï 2mD + m

2
) y = e

mx
. 

Solution: 

 To find the C.F. solve (D
2
 ï 2mD + m

2
) y = 0. 

 The auxiliary equation is k
2
 - 2mk + m

2
 = 0. 

 i.e., (k ï m)
2
 = 0 ,  k = m twice. 

 C.F. =  e
mx

 (A + Bx). 

 P.I. = mxe
2m) -(k 

1
 

       = mxe
x

2

2

 

     y = e
mx

 (A + Bx + 
2

2x
). 

Problem: Solve (D
2
 - 3D + 2) y = sin 3x. 

Solution: 

 To find the C.F. solve (D
2
 + 5D + 6) y = 0. 

 The auxiliary equation is m
2
 - 3m + 2 = 0. 

 Solving, m = 2 and 1. 

 C.F. = A e
2x

 + B e
x
. 

             P.I. = 
23

3sin
2 DD

x
 

        = 
239

3sin

D

x
 , put D

2
 = - a

2
 = -9 

        = 
D

D

D

x

37

37

37

3sin
  

        = 
2949

)3(sin33sin7

D

xDx
 

        =  
)9(949

)3cos3(33sin7 xx
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       = 
8149

3cos93sin7 xx
 

       = 
130

3cos93sin7 xx
 

       = 
130

3cos93sin7 xx
 

y = C.F. + P.I. 

   = A e
2x

 + B e
x
  

130

3cos93sin7 xx
 . 

Problem: Solve  2

2

2

532 xy
dx

dy

dx

yd
. 

Solution: 

 (D
2
 + 2D + 3) y = 5x

2
  

 To find the C.F. solve (D
2
 + 2D + 3) y = 0. 

 The auxiliary equation is m
2
 + 2m + 3 = 0. 

 m = 
1.2

3.1.422 2

 

     = 
2

1242
 

    = 
2

82
 

    = 
2

222 i
 

    = -1 2i  

       h =-1, ̡ = 2  

C.F. = e
-x

 (A cos 2 x + B sin 2 x) 

P.I. = 
32

5
2

2

DD

x
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       = 
2

2

23

5

DD

x
 

       = 

3

2
13

5
2

2

DD

x
 

       = 2

1
2

3

2
1

3

5
x

DD
 

       = 2

2
22

...........
3

2

3

2
1

3

5
x

DDDD
 

       = 2
4322

...........
9

44

3

2
1

3

5
x

DDDDD
  

       = 2
22

9

4

3

2
1

3

5
x

DDD
     (Neglecting Higher Powers) 

       = 
9

)(4

3

)()(2

3

5 22222
2 xDxDxD

x  

       = 
9

)2(4

3

2)2(2

3

5 2 x
x  

       = 
9

8

3

24

3

5 2 x
x  

       = 
9

8

3

2

3

4

3

5 2 x
x  

       = 
9

2

3

4

3

5 2 x
x  

y = C.F. + P.I. 

   = e
-x
 (A cos 2 x + B sin 2 x) + 

9

2

3

4

3

5 2 x
x . 
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Problem: Solve (D
2
 + 4) y = e

2x
 sin 2x. 

Solution: 

 The auxiliary equation m
2
 + 4 = 0. 

  m
2
 = -4 

  m = 4  

  m = 2i. 

C.F. = e
0x

 (A cos2x + B sin2x) 

        = A cos2x + B sin2x 

P.I. = 
4

2sin
2

2

D

xe x

 

       = 
42

2sin
2

2

D

xe x

  , replace D by D+2 

       = 
84

2sin
2

2

DD

xe x

 

       = 
844

2sin2

D

xe x

  ,    replace D
2
 by -4 

       = 
44

44

44

2sin2

D

D

D

xe x

 

       = 
1616

]2sin4)2(sin4[
2

2

D

xxDe x

 = 
16)4(16

]2sin4)2(sin4[2 xxDe x

 

      = 
80

]2sin2cos2[4 2 xxe x

 

y = C.F. + P.I. 

   = A cos2x + B sin2x 
80

]2sin2cos2[4 2 xxe x

. 

 

 


