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Unit 7 |
Theory of Equations
Let us consider

flx) =agx™+a,x" +a,x" 24+ a,

Thisapol ynomi al in O6x060,0f degree 6ndé provided a

The equation is obtained by putting f(x) = 0 is calledgebraic equationof degree n.

RELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUATIONS
Let the given equation bgyx™ + a;x™ ! + a,x" * + -+ a, =0
Leta,, a,, € é a,,be its roots.

2 @, = sum of the roots taken one at a time—::—"

o

Z a; @, = sum of the product of the roots taken two at a time =
o

2 a,; a,a; = sum of the product of theats taken three at a time—:?

o

finally we get &;.a,é é a, = (—1)" Z_q

o

Problem:

Il f U and b 28°+8x#5e0, rdoms &Ff + b, Ub.

Solution:

Herea, = 2,a, = 3,a; = 5.

Problem:

Solve the equation® + 6x + 20 = 0, one root being 1 + 3i.

Solution:

Given equation is cubic. Hence we have

occur in pairs.

~ b 3 3iis another root.

To find third rooty (say)

3

root
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Sum of the roots taken one at a time
U +v8 % =10.
e, 1+3i+1li3i+y=0
y=12
~ The roots of the given equation are 1 + 3i, 3, -2.

Problem:

Solve the equatiofix® — 23x2+ 72x — 20 = 0 having given that 3 +/—5 is a root.

Solution:

Given equation is cubic. Hence we have three roots.

Onerootis3+is= U
Since complex roots occur in pairs;B/s5= b i s another root
Sum of the }?z@%aets is U + b +

[ ]

3

i.e., 3+i\."'§+3—i\."'§+}’:?

[ ]

3

6+}’:?

w |t

Hence the roots of the given equation are §3,i3—iv/5,

Problem:

Solve the equation® + 2x® — 16x* — 22x + 7 = 0 which has a root 2 /3 .
Solution:

Givenx*+ 2x?® —16x* —22x+7=0. = - (1)

This equation is biquadratic, i.e., fourth degree equation.

~ It has 4 roots. Given 2+/3 is a root which is clearly irrational. Since irrationabt®occur in
pairs, 2— V3 is also a root of the given equation.
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=[x — (2 +V3)] [x — (2 — V/3)] is a factor of (1)

ie.,x*—4x+1=0is a factor.
Dividing (1) byx? — 4x + 1 =0, we get

x*46x+7

xP—4x+1 x* 4+ 2x% —16x?—22x+7

x¥ — 4x? 4 x°?

() 6x?—17x*—22x+7

6x% — 24x% 4+ 6x

) 7x*—28x+7
Tx*?—28x+7
0

Hence the quagint is x + 6x + 7 = 0. Solving this quadratic equation, we get—3 + /2.

Hence the roots of the given equation arex3+ 2 — /3, =3 +/2, -3 — /2.

Problem:
Form the equation, with rational coefficients onetrof whose roots i§2 + /3 .

Solution:

One root isy2 ++/3

e, x=+v2+43

ie., x—+v2=+3

Squaring on both sides we get
(x —v2) =3
x2—2\2x+2=3
x?—1= Ey’Ex

Again squaring, weej
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(x?—1)% = (2v2x)°

x¥—2x7 4+ 1 =42.x°

x*—10x* +1 = 0, which is the required equation.
Problem:
Form the equation with rational coefficients having{5tand 1 +/—5 as two of its roots.
Solution:
Given x =1 +/5and x = 1 +i4/5
i.e., [x— (1 ++/5)] [x — (1 +i+/5)] are the factors of the required equation.

Since complex and irrational roots occur in pairs, we have x=/§ , x = 1— i\/5 are
also the roots of the required equation.

i.e., x— (1 —+/5) and x— (1 — i+/5) are also factors of the required equation.
Hence the required equation is,
X =@ +VE)[x —(L+i/5)] [x —(1—+/3)] [x —(1—iv/5)] =0
e, [(x—1)?=5][(x—1)*+5]=0
(x*—2x—4)(x*—2x+6)=0
Simplifying we get
x*—4x?¥ 4+ 6x* — 4x — 24 = 0 which is tre required equation.
Problem:
Solve the equatioB2x?® — 48x* + 22x — 3 = 0 whose roots are in A.P.

Solution:
Let theidootls be+Ud.

Sum of the roots taken one at a time is,
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o
B3|

B | =

The reduced equation32x* —32x + 6 = 0

Solving this quadrat equation we get the remaining two roé{s% .

Hence the roots of the given equation:lf';lré;:L , % .

Problem:

Find the value of k for which the roots of the equaBafi + 6x* +5x+ k =0 are in A.P
Solution:

Given2x®+ 6x*+5x+ k=0 = e (1)

Let theidopotls be+Ud.

Sum of the roots taken one at a time is,

Uid + U0 < 0 + d =

i . e .-1is alloot=of (1).
~putx=-1in(l), wegetk=1.
Problem:

Solve the equatio7x? + 42x* — 28x — 8 = 0 whose roots are in G.P.
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Solution:

Given27x*+42x?—28x—8=0 -emm- 1)

Let the roots be':"£ .U, OUr

Product of the roots taken three atatime‘fis U % U

. 3 E

ie., a’ =

i.e., U E:.

i . e 5 is a dot f the given equation (1)

w1 | B3

i.e., X =2 is a root of the given equation (1)
ie., (x- %] is a factor of (1)

27x% 4+ 60x 4+ 12

27x% 4+ 42x* —28x—8

b
I
(AN

27x% —18x°

) 60x? —28x — 8

60x% — 40x

) 12x — 8

12x — 8

0
Hence the quotient B7x* + 60x + 12 =10

ie.,9x*+20x+4=0

"

Solving this quadratic equation we get x=2 or —;

Hence the roots of the given equation arb—% s

Ll | b
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Problem:
Find the condition that the roots of the equatidn- px* + gx —r = 0 may be in G.P.

Solution:

Givenx?—px*+gx—r=0 = e 1)

Let the roots be';£ .U, OUr

Product of the roots taken three at a tiﬁqe u . Ur = r

ie., al=r = e (2)

But U is a root of the equation (1). Put
o —pa® +qa—r=0 e (3)

Substituting (2) in (3) we get

r—pa’ +gqa—r =0

pa® —ga=10
alpa—q) =0
o =0 & pa—g=0
l.e., pa=q
ie., a=12
ol
-3
o
- =

Herce the required condition iSmp= of.

Transformation of Equations:
Problem:

If the roots ofc® — 12x* + 23x + 36 = 0 are-1, 4, 9, find the equation whose roots are

1,-4,-9.
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Solution:

Givenx® —12x* +23x+36=0 - (1)

The roots arel, 4, 9.

Now we find an egation whose roots are 4, -9 ie., to find an equation whose roots are the
roots of (1) but the signs are changed. Hence in (1) we have to change the sign of odd powers of
X.

Hence the required equation is

—x¥—12x*—23x4+36=0
ie., x¥4+12x2423x—36=0

This gives the required equation.

Problem:

Multiply the roots of the equation® + 2x® + 4x* + 6x+8 =0 by% :

Solution:

Givenx*®*+ 2x®+4x*+6x+8=0 = —ee- (1)
To multiply the roots of (1) b)} , we have to multiply the successis@efficients beginning with
the second bi{, {1) . (1)3 , (3)4
ie., xt+3 zx3+(%)24x9+@]36x+@)45= 0
bttt 42 42=0
i.e., dx* +4x  +4x* +3x+2=0

which is the required equation.

Problem:

Remove the fractional coefficients from the equatidn- % x? + ?1)’ x-1=0.
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Solution:

Given x*—Ixilxi120 0 1)
4 3
Multiply by the roots of (1) by m, we get
N GRLANC LIV Y, B (2)
4 3
If m=12 (L.C.M. of 4 and 3), the fractions will be removed. Putm =12 in (2), we get
ie., x?—3x%+48x— 1728 =0.

Problem:

Solve the equatio®x® —11x* — 3x + 2 = Ogiven that its roots are in H.P.

Solution:

Given 6x°-11x*-3x+2=0 ----mee- 1)
Its roots are in H.P. x t& in (1), we get
X
3 2
CREROES
X X X
=2x*-3*-11x+6=0  ————— ¢

Now the roots of (2) are in A.P. (Since H.P. is a reciprocal of A.P.). Let the roots of (2) be
a—-d, a, a+d.

Sum of the roots

a—d+a+a+d=g

Product of the roots taken 3 at the timéds-d) x ax (a+d) =_711

o

I

I+
N o

10
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Case(i) :

Whend = gand o= %,the rootsof @ are

N
N ol
N~
N[
+
N ol

ie,—2, E 3.
2
.. Therootsof thegivenequationare the reciprocalof the rootsof Q:

ie,~ 1.2 arerootsof C
2 3

Case (ii):

1

L5115
2 2'2'2 2

Whend = _75and o= % ,therootsof @ are

i.e,s,l,—Z.
2

.. Therootsof the givenequationare the reciprocalof the rootsof Q:

e, 2,- 1 arerootsof C
3 2

Problem:
Diminish the roots of* —5x*® + 7x* —4x+5=0 by2and find the transformed equation.

Solution :
Diminishing the roots by 2, we get

2 1 -5 7 -4 5
0 2 -6 2 -4
2 1 -3 1 -2 1 (constant term of the
0 2 -2 -2 transformed equation)
2 1 -1 -1 -4 (coefficient of x)
0 2 2
2 1 1 1 (coefficient of X)
0 2
2 1 3 (coefficient of X)
0
1 (coefficient of X in the transformed equation)

The transbrmed equation whose roots are less by 2 of the given equation is
x*+3x° +x* —4x+1=0

11
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Problem:
Increase by 7 the roots of the equaBafi+ 7x® —15x* + x— 2 = 0and find the transformed
equation.
Solution :
Increasing by 7 the roots of the given edqurats the same as diminishing the roots by
-7/ 3 7 -15 1 -2
0 -21 98 -581 4060
-7 3 -14 83 -580 | 4058 (constantterm of the
0 -21 245 -2296 transformed equation)
-7 3 -35 328| -2876 (coefficient of x)
0 21 392
7 | 3 -56 | 720 (coefficient of X)
0 -21
7 | 3 -77  (coefficient of X)
0
3 (coefficient of X in the transformed equation)

The transformed equation 8* — 77x® + 720x* — 2876x+ 4058=0

Problem:

Find the equation whose roots are the robtg’o- x* —10x* + 4x+ 24 = Oincreased by 2.
Solution :

-2 1 -1 -10 4 24
0 -2 6 8 24
-2 1 -3 -4 12 0 (constant term of the
0 -2 10 -12 transformed equation)
-2 1 -5 6 0 (coefficient of x)
0 -2 14
2| 1 -7 | 20  (coefficient of X)
0 -2
21 -9 (coefficient of X)
0
1 (coefficient of X in the transformed equation)

The transformed equation i€ —9x® + 20x = 0.
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Problem:
If «,f,y are the roots of the equatiori — 6x*> +12x—8=0, find an equation whogeots are
a-2,0-2y-2.

Solution :

2 1 -6 12 -8
0 2 -8

2 1 -4 4 0
0 2 -4

2 1 -2 0
0 2

2 1 0
0
1

The transformed equation is = 0.

i.e., the roots are = 0, 0, O.

i.e,a-2=08-2=0y-2=0

e, a=2 =2 r=2.

Problem:

Find the transformed equation with sign changeéd 6x* + 6x> — 7x* + 2x-1=0.
Solution:

Given thatx® + 6x* + 6x3 —7x? +2x-1=0

Given sign = + + + - + -
+ - + - + -
+ - + + + +

Now the transformed equatiox? — 6x* + 6x° + 7x* + 2x+1= Owhich is the required equation.

13
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Nature of the Roots:

Problem:
Determine completely the nature of the roots of the equafieh6x* —4x + 5 = 0.

Solution:

Given thatf(x) = x* —6x*— 4x+ 5

There are 2 times sign changed.

~ There exis® positive roots.

Put x =-x

f(=2) = (=) — 6(—x)* —4(—x) +5
=—x*—6x>+4x+5

There is 1 time sign changed.

~ There is only one positive root.

~ There are 3 real roots.

The degree of the equation is 5.

Number of imaginary roots = degreeeafuationi number of real roots
=513
=2

=~ The number of imaginary roots = 2.

14
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UNIT -2
MATRICES
A matrix is defined to be a rectangular array of numbers arranged into rows and columns.
It is written as follavs:-

Q1 G Az e &
A1 By Ay e &
%1 A Qg3 e &,
[ < W - M a,,

Special Types of Matrices:

(i) A row matrix is a matrix with only onerow. E.g.,[2 1 3].

-1
2|
3

(i) Square matrix is one in which the number ofws is equal to the number of columns.

(i) A column matrix is a matrix with only one column. E.(

If A is the square matrix.

Qp 8 By e &
Q1 By Ay e &
8, Q3 g3 oo A
Ay Ay, 8pg e A,

ap Gy a3 e Ay,
Ay dn Gy . A2y
3 Ay i e Q3
Dy Ay Az oo L

is called the determinant of the matrix A and it is dethdtg |A| or detA.
(iv) Scalar matrix is a diagonal matrix in which all the elements along the main diagonal are

equal.

15
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o O O

E.g.,

o o o &
o o ®» o
o9 o o

&

(v) Unit matrix is a scalar matrix in which all the elements along the main diagonal are unity.
=0 ] w=lo 1 o
2 — D 1 y 13—
0 0 1
(vi) Null or Zero matrix . If all the elements in a matrix are zeros, it is called a null or zero
matrix and is denoted by 0.

(vii) Transpose matrix. If the rows and columns are interchanged in matrixvA obtain a
second

matrix that is called the transpose of the original matrix and is denotel by A
(viii) Addition of matrices. Matrices are added, by adding together corresponding elements of
the matrices. Hence only matrices of the sarderamay be added together. The result
of addition of two matrices is a matrix of the same order whose elements are the sum of

the same elements of the corresponding positions in the original matrices.

a a| |b b ja+h a-+b
E.g.,laa a,|+|b, b |=la,+b, a,+b,

8 8| (b by| [a5+b a5 +D

Problem:
1 0 2 21 -1

Given A=|3 1 4|;B=(3 0 -2|; compute 3AMB
50 6 01 1

16
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Solution :

3A-4B =

-5 -4 10
=-3 3 20
15 -4 14

Problem: Find values ofx, y, zandw that satisfy the matrix relationship

X+3 2y+5 1 -5

z+4 4x+5|=| -4 2x+1

w-2 3w+l| |20+5 -20

Solution:

From the equalityof thesetwo maticesve get the equations
Xx+3=1 4x+5=2x+1

2y+5=-5 w—-2=20+5

z+4=-4 3w +1=-20

Solvingtheseequationswe get
X=-2,y=-52z2=-8 o=-7

Multiplication of Matrices.
If A'is am x n matrix with rows A Az, € € , nand B is an x p matrix with columns
Bi, B2, € ,, then thB prodduct AB is a m x p matrix C whose elements are given by

the formula G = A; . B;.

A..B, A.B, " 4B,
A,.B, A,.B, ' A.B,
Hence C = AB =
An.By A,.B, - A..B,

17



Inverse of a Matrix

Problem: Find the inverse

Solution

-1
3=
1

2 1
detf 0 1
2 -1

ALGEBRA AND CALCULUS

2 1 -1
ofthematrix0O 1 3.
2 -1 1

RS

1

f

=2(1+ 3} 1(-6)¢ 1(-2)
=8+6+2

16.

Form the matrix of minor determinants:

1
1

Adjust the sigs of every

0

1|
A
Bl

other element (starting with the second entry):

0
2 _
2
2 _
2
0

!
4 -6 -2
0 4 -4

4 6 2

4 6 -2
0 4 4
4 -6 2
Take the transpose and divide by the determinant:
4 0 4y [% 0 3
1 6 4 -6|=| 3 1 _3
8 4 8
162 4 2 _1 1 1
8 4 8
1 1
2 93
So the inverse matrixjs 3 1 -3,
21 1 1
8 4 8
1 2 2
Problem: Show that A= 2 1 2|satisfies the equation®A 4A1 51 = 0. Hence determine its
2 21
inverse.
12 2|1 2 2 9 8 8
Solution: A’=|2 1 2||2 1 2|=|8 9 8
2 2 1|2 2 1 8 8 9

18
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4 8 8
A4A=|8 4 8
8 8 4
500
5M={0 50
0 0 5
9 8 8, |4 8 8 500
A%V 4Ai51={8 9 8|-|8 4 8/-|0 5 0
8 8 9/ |8 8 4/ [0 0 5
0 0O
=0 OO
0 0O
ThereforeA?7 4A T 51 = 0,
Multiplying by A, we have
AMAZT AAATB5AN =0
i.e., Ai 411 5AT=0
Therefore A= AT 4l
1 2 2] [4 00
=12 1 2(i |0 4 0
2 2 1] |00 4
-3 2 2
=12 -3 2
2 2 -
-3 2 2
Therefore At = 1| 2 -3 2
° 2 2 -3

Rank of a Matrix
A sub-matrix of a given matrix A is defined to biher A itself or an array remaining

after certain rows and columns are deleted from A.
The determinants of the square suétrices are called the minors of A.
The rank of an m x n matrix A is r iff every minor in A of order r + 1 vanishes while

there is &least one minor of order r which does not vanish.

19
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1 -1 2
Problem: Find the rank of the matrix2 6 3|.
3 13 4
Solution:

1 -1

Minor of third order =2 6

3 13

=0.

The minors of order 2 are obtained by deleting any one row and amgormn.

One of the minors of orders 2

1 _

IS

2 6
Its value is 8.

Hence the rank of the given matrix is 2.

Rank of a Matrix by Elementary Transformations:
1 25
Problem: Find the rank of the matrix AF2 3 4].
3 57
Solution: The given matrix is
1 -1 2
6 3
13 4

2 5
-1 -6|R, >R, -2R
-1 -8R >R -3R

A=

1 6 |R->R(D

“2|R >R +R

0|C,>C,-2C,
~2|C, >C,-5C,

I 1
copr oopr ocoor'ocoorwmn
|
H
|
0

20
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1 0 O

~/101 O
0 0 -2|C, »>C;-6C,
1 0 0

~10 1 0
001/r R
L R, —5
1 00

Hence A={0 1 O] which is a unit matrix of order 3.

0 01

Hence the rank of the given matrix is 3.

Procedure for finding the solutions of a system of equations:
Let the given system of linear equations be
aqiXi+tapXet €€ 1K, =dy
QX1+t apXet €€ opK,=dp

eeeeeeeeeeeeeeceeeecece
A X1t GuXe+t € € niXn=an
Step 1Construct the coefficient matrix which is denoted by

&, 5y Az e a,

Ay, 8y Ay e a,,

A= A3, 3, Qg3 .eeeen as,
Ay A A e a,.

&y By e a, b

Ay By e a,, b,
[AB] =|a; a;, ... a;, b

Ay Ay e a,, by |

Step 3:Find the ranks of both the coefficient matrix and augmented matrix which are denoted by R(A)

and R(A, B).

Step 4:Compare the ranks of R (A) and R(A, B) we have the following results.
(@ If R(A) = R(A, B) = n (number of unknowns) then the given system dioaguare
consistent and have unique solutions.

21



ALGEBRA AND CALCULUS

(b) If R(A) = R(A, B) < n (number of unknowns) then the given system of equations are
consistent and have infinite number of solutions.

(©) If R(AY R(A, B) then the given system of equations are inconsistentighhe given system
of equations have no solution).

Problem: Test for consistency and hence soke2y+3z=2,2x-3z=3 x+y+2z=0.
Solution: The coefficient matrix

1 -2 3

A=|2 0 -3

11 1
The augmented matrix
1 -2 3 2
[A,B]~|2 0 -3 3
1 1 1 0

2 3 2
1 -9 -1|R, »>R,-2R
-3 -2 -2| R, >R,-R

1
0
0
1 -2 % 2 | R
—9 -1
~10 1 — — - —=
4 4 R 4
0 -3 -2 -2]
1 -2 3 2] R
-9 -1
~/10 1 — — - —
4 4 R 4
0 -3 -2 -2
1 -2 3 2
- 119—71
4R,
_SRS_)_
0 0 -
I 19| 19

Here rank of coefficient matrix is 3.
Rank of augmented matrix is 3.
Hence the given system of equations are consistent and haue soiution.

22
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Problem: Test the consistency of the following system of equations and if consistent solve
2X—Y—-Z2=2,X+2Yy+2=2,4X-7y—-5Z2=2.

Solution:
The coefficient matrix
2 -1 -1
A=|1 2 1
4 -7 -5
The augmented matrix
2 -1 -1 2]
[A,B]~|1 2 1 2
4 -7 -5 2]
1 2 1 2]
~|2 -1 -1 2|R~R,
4 -7 -5 2
1 2 1 2
~|0 -5 -3 -2|R, >R, -2R
0 -15 -9 -6|R, >R, -4R
1 2 1 2
~|0 -5 -3 -2
0 5 3 2|R->R+R

Here rank of coefficient matrix is R(A) = 2.
Rank of augmented matrix is R(A, B) = 2.
i.e., R(A) = R(A, B) < 3 (the number of unknowns)
Hence he given system of equations are consistent but have infinite number of solutions.
Here the reduced system is
Sy+3z=2
X+2y+z=2
_2-3z
y =

i.e.,
5

X =27 77 2 (2—32

)

6+2
5
+

(o]

e, X= k,y: Z_SZ,z:k where z = k is the parameter.

5

23
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Solution of Simultaneous Equations

2X+ Y+ 2=6
Problem: Solve the system of equationk+2y+ 3z= 6.5
4x—2y—5z= 2
Solution:
2 1 1)\x 6
It can be represented as: 1 2 3| yl|=| 6.5
4 -2 -5)\z 2
2 1 1
To see whether a solution exists we need to fohet] 1 2 3.
4 -2 -5
This determinant is’Z‘_Z2 _34 —J.‘i _34+]‘ 2‘1 —ZJE: 2(4) ¢ (-17) + €10) =1
Therefore we know that the equations do have a unique solution.
2 1 1
To find the solution we eed to find the inverse of the matrixl 2 3
4 -2 -5

Find the determinant: we have already found that thislis
Form the matrix of minor determinants (which, for a particular entry in the matrix, is the determinant
of the 2 by 2 matrixhat is left when the row and column containing the entry are deleted):

-4 -17 -10
-3 -14 -8
1 5 3
Adjust the signs of every other element (starting with the second entry):
-4 17 -10
3 -14 8
1 -5 3

Take the transpose and divide by the detémamt:
1 -4 3 1 4 -3 -1
—| 17 -14 -5/=|-17 14 5
-0 8 3) |10 -8-

4 -3 -1
So the inverse matrix is-17 14 5.
10 -8 -3
Hence the solutions to the equations are found by
X 4 -3 -1\ 6 2.
y|=|-17 14 5| 6.9=| - 1.
z 10 -8 -3){ 2 2

Thereforex=2.5y=-1 andz= 2.
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Cayley1 Hamilton theorem:
Every square matrix satisfies its own characteristic equation.

1 2 3

Problem: Verify Cayleg Hamilton theorem for the matrix2 4 5| and hence find the
3 56

inverse of A.
Solution : The characteristic equation of matrix A is
<S¢ A(1+4+6) +(-1-3+0)K[1(-1)-2(-3)+3¢2)] = O

<S11<-4<+1 = 0, which is the characteristic equation.
By Cayley Hamilton theorem , we have to prove

A11K-4 A+1=0

1 2 3\/(1 2 3 14 25 31
A= Ax.A92 4 5||2 4 5| =25 45 56
3 5 6/(3 56 31 56 70
14 25 31\(1 2 3 157 283 353
A=K xA=[25 45 56||2 4 5|=|283 510 636
31 56 70/\3 5 6 353 636 793
157 283 353 14 25 31 123 (100
A-11K-4 A+15 283 510 636|-11/25 45 56| 4|2 4 5/+0 1 0
353 636 793 31 56 70 3 56 0 01
0 0O
=10 0 0|=0
0 0O
Hence the theorem is verified.
To find A
We have A114-4 A+1=0
| =- A3+11K+4 A
Al=-A-11A+4 |
14 25 31 1 2 3 1 00 1 -3 2
=-|125 45 56|-11/2 4 5(+4/0 1 0| C A' =|-3 3 -1
31 56 70 3 56 0 01 2 -1 0
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2 1 -1
Problem: Find all the eigen values and eigen vectors of the matriy A= 1 -2
-1 -2 1
2 1 -1
Solution: GiverA=| 1 1 -2
-1 -2 1
The characteristic equation of thematrix is
S A(2+1+1) w(-3+1+1)[2(-3)-1(-1)-1(-1)] = O
<34 <2-<+4 =0, which is the characteristic equation.
1 1 -4 1 4
0 1 -3 -4
|
1 -3 -4 0
<=1lis aroot.
The other roots are?-3 <-4=0
= (<-4)(<+1) =0
=><=4,1
Hence< I' #. X n X
The eigen vectors of the matrix A is given by<(X =0
2-4 1 -1 X
ie. 1 1-4 -2]||X%X|=0
-1 -2 1-2){x
(2‘< ]g[|_+X2'X3: 0
X+ (< C26I N XXXXXDPPO MO

X1-2% + (= <Qx=0

When<= 1, equation (1) becomes
X1+X%-X3 =0

X1+0%-2%= 0

X1-2%+0% = 0

Take first and second equation,

X1 +%-%3= 0

X1+0%-2%= 0
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X _ ) _ X3

—2+0 -2+1 0-1

X
o KX
-2 1 -1
-2
X1= 1
-1

When<=-1, equation (1) becomes

3X+X%X3=0
X1 +2%-2% =0
X, _ X, _ X3

—2+2 —6+1 6-1

2
o 1 1

When<= 4, equation (1) lmmes
-2%+¥%X%3= 0
X1-3%-2% = 0

X __Xz _ X3
-2-3 4+1 6-1

-1 -1 1
-1
. x=|—1| . HenceEigen vector
1

-2 0 -1
1 1 -1
-1 1 1
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2 21

Problem: Find all the eigen values and eigen vectors bf 3 1

Solution : GiverA =

N )
N W N
N PR

The characteristic equation of the matrix is

<S¢ A(2+3+2) w(4+3+4%[2(4)2(1)+1(1)] = 0

1 2 2

<37 <2+11<5 = 0, which is the characteristic equation.

1 1 -7 11 -5
0 1 -6 5
|
1 -6 5 0

<=1is aroot.

The other roots are®-6<+5=0
= (<-1)(<-5) =0

—<=15

I Sy0S < I m T m I po

The eigen vectors of the matrix A is given by<(X =0

2-4 2 1 X
ie. 1 3-24 1 X, | =0
1 2 2-2)\X
(2-<Xq+2+t3=0
X+H3 <Xl N
X1+2%+(2 Qxe= 0
When<= 1, equation (1) becomes
X1+2 % +t%3=0
X1 +2%+%=0
X1 +2%+¥% = 0
Here all the equations are same.

Putx=0,wegetyt+2x%=0

XXXXXPDPO MU
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For<=1, put x= 0 ,we get
X1+ =0

X1=-X3

When<=5, equation(1) becomes
-3X%+2X% 3= 0
X1-2%+¥% = 0 (taking first and second equation)

I TS PR
2+2 -3-1 6-2

X
o XX
4 4 4
1 -2 -11
.. X%=|1|. Hence Eigenvectore1 1 1
1 O 1 1
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ALGEBRA AND CALCULUS

1 1 -2
the eigen values and eigen vectorsjofl 2 1
0O 1 -1

Solution: The characteristic equation of matrix A is
2B -2A+2-)+A(-3-1+3) - [1(-3)-1(D)-2(-1)] =0
B =222-21+2=0

2 1 2 12
0 2 0o -2
1 0o -1 0
< ' W Ad I NR2GO®

The other roots are

A?-1=0

(A-D(A+1D)=0

A=1-1

Hences I' 4 I M X

The eigen vectors of matrix A is given by

(A-21)X =0
1-2 1
-1 2-2

0 1

(1_1))(1"')(2 -

=% + (2= )%,
0x, + X, + (—1—

2 KSyYy <

-2 X1
1 X, |=0
=1-2A X
2%, =0 XXXXXXXXXXOMO
+X% =0
A)x; =0
' M Z9ljdzar GA2y o6m0 0S02YSa

0x, +X, —2%;, =0
- X +X,+X% =0

R .
1+2 0-2 0+1
LK% %
3 2 1
3
X, =2
1
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2 K Sy -1sEquation (1) becomes

X2=O
2X1'2X3= 0
X1 =%
1
X, =|0
1

2 KSy < ' HZ
Equation (1) becomes
-X1+%-2%=0

-X;+0%+%=0(taking first and second equation)

- X X
:1f02—1—22:0—31
1
Xy =|3
1
311
HenceEigen vector={ 2 0 3
111
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Unit 7 1l
Maxima And Minima

If a continuous function increases up to a certain value and then decreases, that value is
called amaximum value of the function.

If a continuous function decreases up to a certain value and then increases, that value
called aminimum value of the function.

Theorem: If f'(a) = 0 and f""(a) # 0, then f(x) has a maximum ff'(a) < 0 and a
minimum if f"“(a) = 0 .

Problem:

Find the maxima and minima of the functi@r® — 3x* — 36x +10.
Solution:
Let f(x) be 2x® —3x* —36x +10.
At the maximum or minimum poinf(k) = 0
Here f{x) =6 ¥ -6x i 36

=6 (x-3) (x+2)
~ x=3 and x=2 give maximum or minimum.

To distinguish between the maximum and minimum,we rfe€ig) = 6 (2x — 1).
When x=3 f"(x)=6(6—1) =30 ie.f" is positive.

When x=2, f"(x) =6 (—4—1) = —30 i.e. f" isnegative.
~ X=-2 gives themaximum and x=3 gives the minimum.

Hence Maximum value =42) = 54 and Minimum value = f(3) ¥1.
Problem: Find the maximum value olﬂﬁ for positive values of x.

logx

Solution : Let f(x) be —
o F1(x) =1‘:lr$
f” (Ij - —3+2logx
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At a maximum or a minimuny,"(x) = 0.

~17logx=0.~x=e.

—3+21 1 .
F'(e) = % =<, ie,-ve
~ X = e gives a maximum.
. . 1
Maximum value of te function f(e) =.

Concavity and Convexity, Points of inflexion:

If the neighbourhood of a point P on a curve is above the tangent at P, it is said to be
Concave upwards; if the curve is below the tangent at P, it is said to be concaveadisvmw
convex upwards.

If at a point P, a curve changes its concavity from upwards to downwards or vice versa, P
is called a point of inflexion.

Problem:

For what values of x is the curve= 3x* — 2x? concave upwards and when is it convex
upwards?

Solution:
¥y =3x%— 2x3
ThenZ = 6x — 6x°%,
dx

EY _—g—12x = —6(2x — 1).
dx

1 g%y, .
If x ==, ﬁ is negative and so convex upwards.

Ii':

1 r. .-
If x < -, p ~ is positive and so concave upwards.
& X~
1 g%y a5y . . . . 1. 11
Ifx ==, p 2 = ﬂ,d—i = —12 and so there is a point of inflexiorwat = . i.e., at the poinf:. <)
& == L5 & £ &
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Partial Differentiation

Let u = f(x, y) be a function of two indep
keeping O0yod6 cdarhset gomatr tiisalkdawnf eacsent i al coef fic

It is denoted b;Zf )

7

.-.z—':means di fferentiate u w.r.t. O60XxX0 keeping

Similarly if we differenti at esthe pastaldiffetentialoy 6 Kk

A

coefficient of 6ud w.r.t. O6y6o.

It is denoted b;Z% )

.-.Z—:means di fferentiate u w.r.t. 60yé6 keeping

Symbolically, if u = f(x, y), then

Bu _ . Flatazxyd—Flxa)
P lim g e
fu _ . Flay+ayd—Flxy)
Ay lim,, .o Ay .
Problem:
Tu 8%y 8%y 2
If u=log (¢ +y* + Z), prove tha% tomtaE = e
Solution:
Given u=log (X +y+2)
du 1
E - 34y 22 (Exj
_ 2x
- :r5+;;5+5'1
#u 5 |:|:xi+}_1+31:|.:1}_|:x}.:gx}]
ax* (x> 4y® +=27 )"
a%; P .
et I @
Bx (x®+y2+22)
i 8 u _ Iz+31—}'1
Similarly o 2 [m] ...... (2)

34



ALGEBRA AND CALCULUS
8%u x4yt —g"
7 _ 5 [+3’—] ______ 3)

Az (x4 +22)2

Adding (1), (2) and (3) we get

ﬂzu+ ﬂzu+ 8%u [ x2 4yt +2° ]
Ax? dyr2 8= (@432 422)2
B Pk -

Problem:

If u = log(tanx + tany + tanz), show tmiﬁzx.Z—: + s;‘nzy.Z—; + smzz.% =2.

Solution:

Given u = log(tanx + tany + tanz)

du sEE X

fx tanx + tany + tanz

Sinzxz_*: _ sin2x. sec’x (1)

tanx + tany + tanz

.. . du siny . secty
Slmllarly, Slnzyﬂ}' " tanx +tany +tanz (2)
. du sin2z. sec” E
SanZE - tanx + tany + tanz (3)

Adding (1), (2) and (3) we get

. u . u . du  sin2x.sec’x + sin2y . sec’y + sin2z . sec’z
sin2x.—— + sin2y.—— + sin2z.— =
dx ay dz tanx + tany + tanz

% af — = o r . = 2 oy r . =
sinx cosx.——=—*t 2 siny cosy.———+ 2 siny cosy———
_ - costx | o FTY e rpgEy | S ETY Yoy

tanx + tany + tanz

2(tanx + tany + tanz)

tanx + tany + tanz
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Eul erds Theorem on Homogeneous Function

Theorem: If u is a homogeneous function of degree nin x and y, th%H— vZ—: = nu.

. — e A1 N
Problem: If u =sin™? (I 2 ] show thatr — + y — = tanu.
x+y dx dy

) . . gt
Solution: Given u-=sin"?! (I B4 ]
=ty

. . X
l.e., sinu = =
v

sinu = x (i) , Where (i) ==

~sin u is a homogeneous function of degree

Alzinu) ¥ vﬂ(sinu} =1 .sinu
dx - dy

du du ,
X COsuU _+VCG.5'II. — = SInu
dx 7 By

R
Problem:
Verify Eulerods *Fyied+3sym when u = x
Solution:
Bu
5. =3¢ +3yz.
81—3)/2+32x
By ’
4 _ 324 3x
8z y.
.-.xZ—':+}rZ—:+z'Z—::x(3x2+3yz)+y(3§+32x)+z(3§+3xy)
=3¢+ + 2+ 3xyz)
= 3u.

36
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Total Differential Coefficient:

Problem:
Find:—": where u =x? + y> 4+ z2 , x = d, y = d sint and z = &cost.

Solution:

du_airix E'jri_}'_'_a_udz
de fBx dr Oy de Oz dr

=2 x é+ 2y (ésint + écost) + 2 z (kcost- € sint)
=2 é(x +y sint + y cost + z co$tz sint)
= 2¢€' (' + dsinft + ésint cost + kcost - € sint cost)
=2¢.2¢
=4¢.

Problem:

If x*+y* + 3axy, find=~ .

Solution:

x>+ y*+ 3axy =0 , i.e., f(x, y) = 0.

fu

- =3Xi 3ay

8F o 2.

oy 3y’ 1 3ax

dy _ Jx*—3ay

dx - 3% —3ax
_ x—ay

yi-gx '



Integrals of the form [

Problem: Evaluate/

Solution:

ALGEBRA AND CALCULUS
UNIT 7 IV

Evaluation of Integrals & Fourier Series

z+£J.1:+|::

=+ Ix+5

J.- dx _ J.- dx
x4+ 2x+5 (x+1)%422

Put x +1

=y, ~dx =dy

J.- dx
(wt1)24 22

_ dy _ 1 —1,¥

x+1

= tan ().
Problem: Evaluatef --——
Solution:
dx _ dx _ dx
~r4+5x—x='- N f—ujx"-—ax—:}} N fx‘—ax—nl
dx
—_ Jr —
(x-2)~(2)
dx
=- -Jr A
=3 -(3%)
Put x— %z y; ~dx =dy
= — dy
()

_ 1 JEl+2x-5
= —— log{*o—

AET V3 -2x+5
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Integral of the form jﬁ;:”
Problem: Evaluate_lr +5dx

Solution:
Let3x+1=A=(2x*~x+5)+B

3x+1=A@4xi 1)+B

A

Equating coefficient of O06x06 on both sides we
3=4AC A=~

Equating constant coefficients we get,

1=-A+B
— T e
B=A+1=_+l=""=1.
2 v z
3x+1=_(4xT1)+;.

B 7T
Fx+1 Jlam-13+ -
= dx = [&——= dx
Ix*-—x+5 2xE—x+5

_3 poqm-1 7 dx
=5/ dx+= [

Ixt—x+5 g4 ¥ 2x-u+s

=Zlog (2x% —x+5) +< f

___|. :,

dx

=ilog x5 5 e

_3 5 701 o *=3
_Elog(zx _x+5]+§—ﬂxﬁtan (i_:)
= z

z

_3 2 _ 7 -1 4=l
-2l 0 x5+ e (52).
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Integrals of the form dx

ﬂux2+bx+c

Problem: Evaluatef ————

+ax+2
Solution:

dx
I3

_ dx
el

1 dx 1 dax
=l w5
VI (x4E) +[(2} R +II%}
=— sinh_l( ;E)
=— sinh™? (Ex;ﬂ)
pxtg
Integral of the form [ - NPy rovres
. Ix+l
Problem: Evaluatef ———
Solution:
Let2x+1=A=(3+4x—=x?)+B
2x+1=A{2x+4)+B
Equating coefficient of 0x6
2=-2AC A=

on
Equating constant coefficients we get
1=4A+B

B=1-4A=1+4=5

2Xx+1=—1(2x+1)+5
Zx+1

—(—2x+4)+5
T pE— T

_J‘ 2x—4
W3 tdu— xE

x+f s

=2vV3+4x—x2+5 [~

—l:r—;}5+'.'-’

bot h

40

S

des

we



ALGEBRA AND CALCULUS
= 2\-'13"'4}{—}{: +5 Nr'd—;

o=
ﬁll__-.,-'.'-’jl —(x—2)%

=2vV3+4x—x%+5 sinh™? (1__:) .

-+

Properties of Definite Integrals:

[? f(x)dx = F(b) — F(a) where[ f(x)dx = F(x) +c.

[0 f(x)dx = — [ f(x)dx

2 f@)dx = [7 f(3)dy

[ f)de = [7f(x)dx+ [0 f(x)dx

[ f)dx = [P fla—x)dx

[° F)dx = [FF()dx + [C F(~x)dx

If f(x) is an odd function i.e., k) = - f(x) then
[ r@a=-[ s+ [ e

7. If_fﬂ(x) is an even ::unction i.e.,-:() = f(x) then

J:f(dex=J:f(dex+ J:f(x)dx = J:f(x)dx

o g M~ w N P

T oMed
Problem: Evaluate[z ————

¥ sin"x+tcos'x

Solution:
Let = Ii‘?sz'::::rc:jnx dx - (1)
i sin™ (E—x} dx a a
Also I :..r[;" 3inn|:E—x}+cosnl:£—x} dx [.: “rl} f[:x)dx = ..rc, f(ﬂ- _x:]dx:l

= J‘EM de e 2)

costxtain™x

Adding (1) and (2) we get

T . T T n
—  Fin xdx —  rcof x dx
Dl = [r_Smxdr gy [pfotxdr g
“rﬂ' sinTxteoos"x “rﬂ' costxtainx

T : ¥ ¥
_ J.-; gsin"xteos x

0 sin"x+rosx
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Problem: Evaluatefg log(sinx)dx .

Solution:
Let I=[zlog(sinx)dx - (1)
Also | = _I'E log[sin G —x)]dx [+ using property 4]

= NI"D; log(cosx)dx - (2)
Adding (1) and (2) we get

21 = fﬂg log(=sinx)dx + NI"DI;- log(cosx)dx
= _I'E[lcrg(sinx] +log(cosx)]dx

= JE log(sinx .cosx)dx

- f[? lng(sinzx) dx

-
r

T

= J"DI [log(sin2 x) — log2]dx
= _I:; log(sin2 x)dx — fﬁz log2 dx
= _I'E log(sin2x) dx — log2 [x]}
21 = _I'E log(sin2x) dx —= log2 - 3)

To evaluatef[;f log(sin2x) dx

Put2x =y, 2dx =dy. Whenx=0,y=0;%X5y=m
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NI"DI;- log(sin2x) dx == f; log(siny) dy

B3|

2 f; log(siny) dy
= _I'E log(sinx) dx = |

ie., _I'E log(sin2x)dx =1 = - (4)

Substituting (4) in (3), we get

21= 1+Z log2
l= — Z log2
i.e.,_I'E log(sinx)dx = — = log2 = = log(2)™*

2109 2).

FOURIER SERIES

Particular Gses

Case (i)
If f(x) is defined over the interval (0)2

f(x) =% + i[an cos@ +b, sin ?}
n=1
12I
== |f(x)d
3= j (x)dx
2l
a,= 1 _[f (x)co{n—”dex n=12,
¥ |
2l
b = % [f (x)sin[”l—”)xdx
0

If f(x) is defined over the interval (G52
f(x) &, Y [a, cosnx+b, sinnx]

n=1
2
j f (x)dx
0

1
=
T
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127!
=— | f (X)cosnxdx
a, mj (¥ i
127r
bn:—jf(x)sinnxdx yIrms
72-0

Case (ii)
If f(X) is defined over the intervall ( I).

f(x) =% + i[an co# +b, sin ?]
n=1

ll
a, = l-!f (x)dx

1! nz
a, = T'u[f (X) CO{I_deX

b, = %jf (x)sin(nl—ﬂjxdx,

yr
If f(x) is defined over the intervalr x).
f(x) =% + > [a, cosnx+b, sinnx]
n=1

2=+ [f09dx
7[771'

a,= %_J;f (x)cosnxdx’ yr

b, _1 If(x)sinnxdx AR
7[—71'

WIEMIHIXDOD

WZXDPD

Nl MZ H X X

MZBZ XX

M2 XDPD

SHIXDPO
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Problem: Obtain the Fourier expansion of
f(x) =%(t—x:in—n< X <t
Solution:

8, = % [ 1 (ax= %E(ﬂ ~ x)dx

1 x2 [
= — | 7X—— =T
27| 2|

a, = 1 If (X) cosnxdx= 1 JE (7 — x) cosnxdx
T w2

Here we use integratiohy parts, so that

|:¢ _ \sm nx_( 1)( COSI’]XJ:|7T

n -

1 —
-~ p=o0
ol E

b, = 1 _[l(ﬂ — X)sinnxdx

:i{ o cosnx_( 1)( smnxﬂ

Using the values oha a, and b, in the Fourier expansion
f(x) = %+ > a,cosnx+ Y b, sinnx
n=1 n=1

we get,

f9 =2+ i

This is the required Fourier expansion of the given function.
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Problem: Obtain the Fourier expansion of f(x)Zén the interval {x, 7). Deduce that

cosechr = 2 (;1)
Tion +1

Solution:

ao=1 E‘axdx=l[e }

T | —a|

-

anr

e

—an

-e 2sinharx
ar anr

1 T
Here, a, =— je“”‘cosnxdx
Vs

-

1 g d
a, = —| 5 dacosnx+ nsinnx
rla’+n .

_ @{(—1)“sinha7z}

ps a’ +n?

1 T
bh=— Ie‘axsin nxdx
T
-

1 g 4
= =| —— <asinnx-ncosnx
x| a®+n .

_ 2n| (=)"sinhar
o a’+n?

Thus,
n(-1)"

sinhar 2asinhar <& (-1)" 2 . i
+ > (2 )Zcosnx+—smha7rz —
T ~a‘+n T ~a’+n

f(x) = sinnx

For x=0, a=1, the series reduces to
sinhzr  2sinhz & (-1)"

f(0)=1 =
©) T =n?+1

or
1= sinhz N 2sinhz _l+z (:1)
V4 T 2 =n+1
or 1= 2sinhz Z -1

T Snf+l
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Thus,
9] (_1)[1

mrcosechr =2 5
—n+1

This is the desired deduction.

Problem: Obtain the Fourier expansgicof f(x) = kover the interval {t, ©). Deduce that
7t 1 1
— =1+—2+—2+......+oo
6 2° 3
Solution:
The function f(x) is even. Hence

1" 2"
2= —lf(x)dx_;Ojf(x)dx

V/

or 3

a, = 1 jf (X) cosnxdx
72- -

T

2
= If (X)cosnxdx since f(x)cosnx is even
4 0

2
=Z .|'x2 cosnxdx
T 0

Integrating by parts, we get
2[ ,( sinnx — COSNX —sinnx) |
a =—|X -2 5 + 3
T n n n 0

_ACY
===

Also, b, = 1 J.f (x)sinnxdx=0  since f(x)sinnx is odd.
” -

47



ALGEBRA AND CALCULUS
Thus

2 0 _ n
f(x)= "+ 42—( Y cOS
3 = n

2 B
V4 1
7[2:?4‘42—2

n:ln
$1_7
—n’> 6
2
T 1 1
Hence —=14+—=+—=+.....
6 22 3

Problem: Obtain the Fourier expansion of

X, 0<x<~x
f(x)=
2T — X, w < X< 2rx

Deduce that

Solution:
Here,

1
==
Vs

j f (x)olx:g j f (x)dx
- 4 0
= 2 dex: V4
T 0
17 27
a,=— I f (X) cosnxdx= — j f (X) cosnxdx
T - 72. 0

2 V4
— I xcosnxdx
= 72' 0

Ao

2 [ . -
o Fo-1

Also,

since f(x)cosnx is even.

b, = 1 jf (X)sinnxdx= 0, since f(x)sinnx is odd
4 -

48



ALGEBRA AND CALCULUS

Thus the Fourier series of f(x) is
f(x)——+ Z ! o —1cosnx

For x= , we get

T 2& 1 -
f(r)= =+—) — 1" -1cosn
(M= 5+ 2% by -1coms
i —2cos@n-)r

n=1 (2n_1)2

T 2
or T=—+—
2

Thus,

or —:1+—+i+ .....
5

This is the series as required.

Problem: Obtain the Fourier expansion of

{—7[,—7[ <X<0
f(x) =

X0< X<
Deduce that
7 1 1
— =1+ z + = +..
Solution:
Here,
l ) V4
=— J.— X+ J.xdx} =——
T
T
a, =— j—;rcosnxdx+ .fxcosnxdx}
7|

_ L |—1) =3

b, = 1[ j—;rsin nxdx+ Ixsin nxdx}
T

0
1 —
==1-2(-D"
i S
Fourier seris is

f(x )-——— 1 I—l) —1cosnx+zI

'Sln nx
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Note that the point x=0 is a point of discontinuity of f(x). Her8 0, f(¥== at x=0. Hence
T

Lrcoor ol L7
E[f(X)+f(X)]—2() =

The Fourier expansion of f(x) at x=0 becomes
- -7 1&1

24wzl V

Simplifying we et,—:1+—+—+ .....
plifying we ¢ 3 5

Problem: Obtain the Fourier series of f(x) =over the interval {1,1).
Solution:

The given function is even, ascj(= f(x). Also period of f(x) ig-IL)=2
Here

= {[f (x)dx:Z;[f (x)dx

-Zaf(l x)dx_Z[x 3}

0

4
3
_1 | f d
= EJ; (x) cosx)dx
_ 2jf (X) cosx)dx as f(x) cos(mx)is even
1
= 2[(1— x?) cosfizx)dx
0

Integrating by parts, we get

smn;zx oy ( cosn;:x] ( smmxﬂl
z{( ”j()() 2 o

_ 4(_1)n+1

n%z?

:% [f(9sin(nzx)dx =0, since f(x)sing)is odd.

4 9] ( 1)n+1
?z_; n?

The Fourier series of f(x) id(x) = cosfizx)

OOII\)
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Problem: Obtain the Fourier expansion of
1+ ﬁ _3 <x<0
3 2

fx) = 1—4—3’(, 0< x<g

2

1 1
Deduce that T - 1+ —t+tZt..
8 3 5
Solution:

The period of f(x) is:§ —(_—3j =3
2 2
Also f&) =f(x). Hence f(x) is even

3/2

3/2
2 £00dx=22 [f ()
| 3/2 3

% =32

/
1

Also,

Thus

putting x=0, we get
4 )
f0)=—2,
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or 1=%[1+3—12+5—12+ ..... }
2

Thus, ”—:1+12+i2+ .....
8 3 5

HALF-RANGE FOURIER SERIES

The Fourier expansion of the periodic function f(x) of periboh&y contain both sine and cosine terms.
Many a time it is required to obtain the Fourier expansion of f(x) in the interMaMich is regarded as
half interval. The definition can be extended to the other half in such a manner that the function
becomes even or odd. This will result in cosine series or sine series only.

Sine series :
Suppose f(x) =p(x) is given in the interval (0, Then we define f(xF -¢(-x) in (-1,0). Hence
f(x) becomes an odd function ifl (1). The Fourier series then is

F()=>b, sin[?j (11)
|
where b, = IZ If (x)sin(?jdx

The series (11) is called hedihge sine series over (D,

Putting I=t in (11), we obtainhe halfrange sine series of f(x) over{pgiven by

f(x) =D b,sinnx

n=1
27 :
b, =— If (X)sinnxdx
T 0

Cosine series :
Let us define

P (X) in(0)) ....giver
M0=140% in (1= n 0 XooAy 2NRSNI G2 YH1$ K

Then the Fourier seried f(x) is given by

f(x) = %+ia&o{?) (12)

2I
aO=T6ff(x)dx

2! nzx
a, = I—Ojf (x)co{l—jdx

where,
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The series (12) is called hedinge cosine series over I{0,

Putting I=rin (12), we get
f(X) :%+Zan COSNX

n=1
where

aozgjf(x)dx
72-0

a, :E jf (X)cosnxdx n=1,2,3,....
7[0

Problem: Expand f(x) %(z-x) as halfange sine series over the intervals«{},
Solution: We have,

b, = 2 [ (9sinnxdx
7 0

_2 I(zzx— x?)sinnxdx
o

Integrating by parts, we get

R
0
4 0
-y
The sine series of f(x) is
f(x) = %i% l— (=" :Sin nx

n=1

Problem: Obtain the cosine series of

T
X,0< X< —
f(x) = 2 over(0, )
ﬂ—KZ<X<ﬁ
2
Solution:
e ]
a, = 2 dex+ I(?T— X)dx | = z
|y 7 2
Here -

2 72 "
a =— jxcosnxdx+ I (7 — X) cosnxdx
4 0

7
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Performing integration by parts and simplifying, we get

2 Nz
a, _—n—{1+( n" —ZCO{ > H

Thus, the Fourier cosine series is

T 2| COS2X cosbx coslOx
f(x) =——— st t—— t...®©
4 x| 1 3 5

Problem: Obtain the haHrange cosine series of f(x) s @n 0<x<c

Solution:
Here

20
e _— d p—
a, o j(c X)dx=c

an——j(c x)co{ jdx

Integrating by parts and simplifying we get,

2c 0o
= n2r2 I_ D"

The cosine series is given by

f(x)=§ —fiizl (-1)" co{ ij

é\
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UNIT -V

DIFFERENTIAL EQUATIONS
Definition:
A differential equation is an equation in which differential coefficients occur.
Differential equations are of two types(i) Ordinary and (ii) Partial.

An ordinary differential equation is onéhigh a single independent variable enters, either
explicity or implicity. For example,

2
g/:23inx,ﬂ+m2x:0
dx dr?
2
d y+2xyd—y+ y =sinx

X2
dx? dx

are ordinary differential equations.
Variable separable.

Suppose an equation is of the foriix)dx+ F(y)dy=0.

We can directly integratdis equation and the solution ]‘s‘ (X)dx+ jF(y)dyz c,where

c is an arbitrary constant.

g2\ 2
Problem: Solve d_y+ L y2 =0
dx (1

Solution:

dy

dy + =0.
J1I-y2 J1-x3

We have

Integrating, sifty + sin’x = c .

Problem: Solve tany%/ = COtX.
X
Solution: tany dy = cotx
dx

tany dy = cotx dx
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Jtany dy= I cotxdx

log secy = log sinx + logc

log secyi log sinx = logc

Problem: Solve tanx s€y dy + tany setx dx = 0
Solution:
tanx sey dy =- tany seéx dx

sec Y 4 :sec? X 4x
tany tanx
jseé Y 4 :Iseé X 4x
tany tanx
put t = tany put u = tanx
dt = seéy dy du = set (- dx)

logt=-logu+logc
logt+logu=logc
log (tu) =log c
tu=c

tan y tan x = c.

Problem: Solve secx dy + secy dx =0

Solution: secx dy = secy dx
dy  dx
secy secx

jcosy dy= I cosxdx

siny=-sinx+c

sinx+siny =c.
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Linear Equation:

A differential equation is said to be linear when the dependent variable andvtgidesi
occur only in the first degree and no products of these occur.

The linear equation of the first order is of the f0§|¥|+ Py=Q, where P and Q are
X

functions of x only.

Problem: Solve (1 + ﬁ) w 2xy = 4X%.

Solution:

Divided by 1 + X

(1+ x?) ﬂ+ 2xy  4x°
(1+x%) dx 1+x* 1+x°
dy 2xy  4x°
dx 1+ x* 1+x

This is of the form%/+ Py=Q.
X
po_ 2% andQ = 4x*
1+ x? 1+ X

The solution isyejpdx: j'QeIdedx+c

Z—Xde j
ye j1+x 17" U A (1)

2X
eJde: ejﬁdx
putt=1+x
dt = 2x dx

J.lﬁdx dt

e+)(2 :et

— eIogt

=1
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eflfzzdxz 1+ A (2)
Using (2) in (1),

4x°?
1+ x?

(1+ x?)dx+c

y(L+X)= |

y(1+X) = j4x2dx+c
y (1 +5) :4—§+c.

Problem: Solve g—y +ysec X =tan x.
X

Solution:

This is of the formg—y +Py=0Q.
X

The solution isyejpdx = IQeIPdde+c
P=secx & Q=tanx

yejsem = jtanxejmdxdm c  ——>(

NOWEISECXdX _ elog(seo<+tanx)

=secx+tanx

(1) A vy (secx + tanx¥ I tanx (secx+ tanx)dx+ c

= I tanxsecxdx + j‘ tan*x dx+ ¢
=Secx+ j(l—sec? X)dx
=secx + '[dx— Isec2 xdx

=Secx+ X—tanx+c.
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Problem: Solve dy. tan xy =-2 sin x.

Solution:

This is of the form%/ +Py=0Q.
X

The solution isyejpdx = IQeIPdde+c
P=-tanx & Q =-2sinx

-t d . -t d
yeI e I— 2sin xej X+ ¢

Nowe—jtanxdx _ e—logsecx

= —secx
-ysecx= j— 2sin x(—secx)dx+c
= _[Zsin X secxdx+c

sin X
=2|—=—dx+c
COSX

= 2]tanxdx+ c

-ysec x =2 log secx + c.
: dy . _
Problem: Solve cos x o +y=tanx.
X

Solution:

Divided by coéx .

cosxdy y _ tanx
cos xdx cosx cos x

d_y+ yseé x=tanxsec x
dx

P=sec¢ x & Q=tanxsec x

The solution isyejpdx: J'erpdxdx+c

-=>)
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el _ Itanx sec xel™**dx+ ¢ ——>1
Nowejseé xdx _ ptanx

y €2 = Itanx sec xe'™™dx+c
put t = tanx
dt = seéx dx
yée= jt e'dt+c

=t.é-¢€

=d(til)+c

y @™ = d@™ (tanxi 1) + ¢
: dy _
Problem: Solve (1 + X) ™ + 2Xy = COSX.
X

Solution:
Divided by 1 + X

(1+ x?) ﬂ+ 2Xy _ COsX
(1+x%) dx 1+x> 1+x°
dy 2xy  cosx

— 4 —

dx 1+x* 1+x?

This is of the form%/ +Py=0Q.
X

2X COSX
P= andQ =
1+ %2 Q 1+ x?

The solution isyejpdx: J'erpdxdx+c

2xd

[Pax  ccosx [-2ox
ye :IH—)(;Ze B dx+c A (1)

eIde: ejlf%dx

putt=1+x
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dt = 2x dx

2X dt
S T
e =e
::ebm
=t

2x

i 1he A @
Using (2) in(1),

COosX

Ty (1+ x?)dx+c

y@+x)= |

y (L +)= .[cosxdx+c

y (1 +x) =sinx+c.

LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS
Problem: Solve (F+ 5D + 6) y = &
Solution:

To find the C.F. solve (b+ 5D + § y = 0.

The auxiliary equation is - 5m + 6 = 0.

Solving, m =-2 and-3.

CF.=A&+Be*

1 x

PlL=————¢€
D“+5D+6

1 )
= — & on replacing D by 1.
12 p g y

y=Ae*+Be* ¢ L
12
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Problem: Solve(D?1 2mD + nf) y = ™

Solution:
To find the C.F. solve (B 2mD + nf) y = 0.
The auxiliary equation is’k 2mk + nf = 0.
i.e., (ki my>=0 , =~ k = m twice.
C.F.= (A + BX).
1 o

PlL=—" ¢
(k- m)?

mXx

X2
="¢

2

2
y:é“X(A+Bx+X?).

Problem: Solve (F - 3D + 2) y = sin 3x.
Solution:
To find the C.F. solve (B+ 5D + 6) y = 0.
The auxiliary equation is s 3m + 2 = 0.
Solving, m=2 and 1.
CF.=Aé+B¢€.

p_|_:23'n—3X
D“-3D+2

- Snsx ,putD’=-a*=-9
-9-3D+2

sin3x ><7—3D
-7-3D 7-3D

7sin3x—3D(sin 3x)
—49+9D?

7sin 3x — 3(3c0s3x)
—49+9(-9)
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7sin3x—9c0s3x
-49-81

7sin3x—9c0s3x
-130

_ 7sin3x—9c0s3x
130

y=C.F. +P.l.

AP 4B _[7SII’13X—QCOS3X} .

130
d®y , ,dy >
F+2—+3y=5x :

Problem: Solve
X dx

Solution:

(D?+ 2D + 3) y = 5%

To find the C.F. solve (B+ 2D + 3) y = 0.

The auxiliary equation is frit 2m + 3 =0.

m_—2i¢f—4¢3
2.1
_—2+44-12
2
_ —2+.-8
2
_—2+2i2
2
=-1+iy2
h:.l,] :\/E
C.F. = & (A cosv2x + B sn+/2x)
2
P|:L
D?+2D+3
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_ 5x*
3+2D + D?
_ 5x?
2
{l+2D+D }
3
_ -
_5[,,2D+D°[
3| 3
5|, (2D+D?) (2D+D?Y ,
=21 + S X
3 3 3
_ 5[ (2D+D?) (4D?+4D*+D* ,
=21 + R X
3| 3 9
B 2 2
= g 1- ZD; D + 42 ﬂ x*  (Neglecting Higher Powers)

::§3€_(2D0@)+D%x5j+(4D7xﬁJ}
3| 3 9
:§‘ﬁ_{2gm+2J+(«a)}

3| 3 9

]
w o1
N
|
7N\
2
Wi+
N
N—
+
VR
©O| oo
N———
| I

wlo
T 1
x
|
|
|
|

y=C.F. +P.l.

4x 2}
3 9|

= € (A cosv2x + B sin/2 x) + Z[XZ——+—
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Problem: Solve (F + 4) y = " sin 2x.

Solution:

The auxiliary equation i+ 4 = 0.

m=+-4
m = + 2i.
C.F. = & (A co2x + B sirex)

= A co2x + B sirex

_ e”*sin2x
P.I. - D2—
+4
2X o
= ngx , replace D by D+2
O+2°+4
_ €™sin2x
D?+4D+8
2X a1
= %TDZXS . replace Bby -4
—~4+4D +
B ezxsin2xX4D—4
AD+4  4D-4
_ €”[4D(sin2x) - 4sin2x] _ e*[4D(sin2x) - 4sin2x]
16D2 - 16 16(-4) - 16
_ 4e¥[2c0s2x - sin 2X]
-80
y=C.F. +P.l.

4e”[2Cc0S2X — sin 2X]
80 '

= A cox + B sirex —
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